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We separate the finite-to-continuum organization problem for Yang-Mills Wilson—tube
Hamiltonians into an abstract full-scale criterion and an explicit fixed-stratum realiza-
tion. For the full multiparameter scale category, directed finite-shape amalgamation,
compact coefficient-line diagram spaces, coherent continuous restriction, and universal
finite extension yield a nonempty inverse limit; any resulting higher pseudosection
carrying one quantitative profile inherits a uniform positive off-ground coercive con-
stant. In the five-paper sequence, the principal upstream instance is the selected
triality-sensitive SU(3) packet constructed in Paper I. Independently, a four-character
SU(2) seed is tensorized here to an end-to-end depth exhaustion at one fixed stratum,
with complete physicalization, vacuum-line scale bordism, center-background covari-
ance, and depth-independent coercive constants verified explicitly. The same finite
analytic family supports strict and twisted coefficient-line reassociation laws. The
nontrivial degree-three class for the classifying space of the two-element center with
circle coefficients admits ordinary Hilbert realizations on every finite-depth chart but
no global band-local stationary trivialization under the declared higher equivalences.
Paper II therefore supplies a refinement-compatible coercive branch criterion together
with explicit strict/twisted higher-vacuum witnesses, while spacetime reconstruction,

thin descent, and invariant-mass spectral transfer remain assigned to Papers I11-V.
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I. INTRODUCTION

A finite-dimensional gauge-invariant Hamiltonian has a discrete spectrum and a positive
separation above its complete ground eigenspace. That elementary fact does not solve
the finite-to-continuum organization problem. A constructive Yang—Mills program must
select, across many simultaneous refinements, the entire finite coercive mechanism: the
Hamiltonian, complete ground projection, physicalized Wilson channel, Gram operator,
magnetic recompression, ultraviolet and residual blocks, mixed terms, and the admissible
comparison data relating different scales.

A scale argument needs more than a family of positive numbers. It needs typed arrows,
endpoint control, and a proof that the package survives the passage.

At scale v, the finite estimate is
H’Y 2 EOv'YI + R'Y(I - Pvac’7)7 Pvaca’\/ - l{EO,W}(HAf) (1)

The objective is not merely to know that every &, is positive, but to organize compatible

finite packages with one lower bound
H, > Ey\I + k(I — Poacy), Ky > 0. (2)

The companion finite-scale analysis' supplies the coercive package without selecting a
preferred vacuum vector, without vacuum—graph alignment, and without an infrared block-
closure assumption. The vacuum datum is always the complete ground spectral projection.

The selected triality-sensitive SU(3) packet of Paper I is the principal upstream finite-scale
instance used by the five-paper sequence. Paper II imports that packet and its exact selected
floor Keof; it does not recompute the Paper-1 SU(3) triality calculation. The explicit SU(2)
family constructed below is a separate fixed-stratum validation of the recursive analytic,
scale-bordism, and coefficient-line mechanism. Its numerical constants are not the selected

SU(3) constants.

A. Scale bordism and coefficient-line descent

A strict inductive system is generally too rigid for the refinement problem. A refinement
arrow a : v — 7/ carries an analytic bordism and a vacuum-line correspondence. Different

refinement paths may agree only through admissible higher comparison, and the coefficient



lines of composable bordisms may possess a nontrivial reassociator. We therefore use a

scale-bordism bicategory in the standard coherence sense®3. Three layers are kept distinct:

(i) raw geometric refinement;
(ii) a relative refinement-to-admissible filling class [A¢, T]ref /adm}
(iii) a coefficient-line reassociation class [Q]pang-

No transgression between the relative and reassociation classes is assumed.

The coefficient lines are essential. In the twisted case the vacuum transport cannot be
represented by one globally chosen family of ordinary unitary lifts with scalar compositors:
ordinary operator associativity would force the scalar associator to be trivial. The invariant

arrows are instead correspondences
U7 Vi) ®La — Vi),

with multiplication and reassociation retained in the coefficient category. Ordinary Hilbert

realizations arise only after choosing local tensorators on finite charts.

B. Principal results

The first result is conditional and full scale.

Theorem 1.1 (Abstract full-scale criterion, informal). Let the finite demand shapes be
directed under common finite extension. Suppose one good seed exists; every fized-profile space
of coefficient-line physical diagrams is compact Hausdorff; restriction maps are coherent and
continuous; and every finite good diagram extends surjectively while preserving the analytic
package, canonical bordisms, coefficient-line law, and lifting two-presheaf. Then the full
directed inverse limit is nonempty. Every selected higher pseudosection carrying the fized

profile satisfies (2).

The proof uses Tychonoff compactness and the finite-intersection property over the entire
directed family of finite shapes. It does not assume a countable cofinal chain. The hypotheses
remain a criterion: the explicit model below does not verify universal extension in the full
multiparameter category.

The second result is constructive but fixed stratum.



Theorem 1.2 (Explicit fixed-stratum realization, informal). Fix oy = (g0o,60, Ao, bo). A
four-character SU(2) Galerkin seed tensorizes to a depth-cofinal family in Raeptn (00) carrying
the complete physicalized package, one canonical vacuum-line scale-bordism correspondence,

center-background covariance, and depth-independent coercive constants. In particular,
H, > 0.24975(I — Pecn),  Hy, > 3.093219423836 ... (I — Prae.n).

The construction does not vary g, 0y, Ao, or by, and hence is not a full continuum-directed

branch.
The same analytic family supports two higher globalizations.

Theorem 1.3 (Center-banded reconstruction dichotomy, informal). The fundamental Wilson-
shell marking is center odd. Within the center-natural, shell-local, translation-stationary,
coefficient-monoidal higher-equivalence category, admissible scalar higher gauges are exactly
pullbacks of normalized cochains on the fized Zo band. The trivial reassociation law gives strict
Hilbert descent. The nontrivial generator Q] € H3(BZa;U(1)), in the standard finite-group
cohomology convention®®, admits local Hilbert realizations on every finite depth simplex but
no global band-local stationary tensorator. The local realizations and their rooted one- and

two-cochain transitions form a contractible lifting two-presheaf.

The two globalizations use the same Hamiltonians, ground projections, physicalized
packages, canonical projective comparisons, overlap singular values, analytic refinement

defects, and coercive constants. Consequently:

the complete finite analytic shadow does not determine the higher vacuum descent type.

The finite Hamiltonian also does not select the strict or twisted coefficient reassociation
law. The distinction lies in global higher gluing relative to the declared physical equivalence

category.

C. Scope and organization

No continuum Hamiltonian, continuum ground projection, local observable net, Poincaré
representation, or continuum mass gap is constructed here. The abstract theorem gives a

conditional route to full multiparameter cofinality; the explicit model verifies the complete
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recursive mechanism only along tensor depth at fixed og. A later reconstruction must
simultaneously realize n — 0o, ¢ — 0, A — 00, and the remaining geometric and boundary
refinements while preserving the bordism, quantitative profile, coefficient law, and higher
gluing.

Sections II-IV define the finite package, scale geometry, coefficient-line diagrams, and
the directed inverse-limit criterion. Section V separates full-scale and fixed-stratum coercive
consequences. Section VI defines the banded vacuum type and admissible higher equivalence.
Section VII constructs the explicit strict/twisted pair and proves finite-shadow indistin-
guishability and the higher-descent obstruction. Section VIII states the exact reconstruction
handoff. Extended seed arithmetic, perturbative variants, and the optional comparison

functional are placed in the Supplementary Material.

II. FINITE COERCIVE PACKAGES AND SCALE GEOMETRY
A. Geometric scales and marked packages

Following the Hamiltonian lattice-gauge viewpoint®®, a geometric scale is denoted
/6 = (n7 67 87 A? b)7

where n records the finite region or lattice depth, € the tube thickness, 6 geometric regularity
data, A a representation cutoff, and b boundary information. The geometric scales form
a directed category Mgeom- A marked analytic package over J is denoted 7; its underlying
analytic scale is 7.

A refinement arrow may enlarge the region, thin the tubes, increase the representation

cutoff, refine the physical channel, or alter the admissible boundary description. Write

o= (g,0,\0), B =(n,o).

n: discrete region or tensor depth.

o= (g0,A0b): fixed finite stratum.

B =(n,o): geometric demand scale.

vz marked package over a geometric scale.



~: underlying analytic package index.

Piocry = Peg complete exact ground spectral projection.

Ky (q) = KILprof® generic profilewise sufficient bound.

Keof* Paper-I exact selected SU(3) finite-packet floor.
NRgeom* full multiparameter geometric scale category.
Raepth (00): fixed-stratum depth subcategory.

The continuum-directed category orders larger regions and cutoffs, thinner tubes, and finer

regularity and boundary demands as more refined.

Definition II.1 (Full-scale cofinality and fixed-stratum depth exhaustion). A sequence
{Bm} C Rgeom is full-scale cofinal if for every geometric demand 8 € Rgeom there is an m
with 8 < 8,,. In particular, for the usual continuum demand system this requires region
depth tending to infinity, tube thickness tending to zero, representation cutoff tending to
infinity, and the declared regularity and boundary data becoming cofinal.

For a fixed finite stratum oy = (g, 0o, Ao, bo), let

Raeptn (00) = {B87° = (n,00) :n > 1}

be the full depth subcategory. A compatible family indexed by these objects is a fized-stratum

depth exhaustion; it is depth-cofinal in Rgeptn(00), not automatically in Rgeom.

Proposition I1.2 (A fixed-stratum depth path is not a full continuum cofinal path). Assume
Rgeom contains either a demand with thickness €' < ey or a demand with cutoff A > A,.

Then the path B5° = (n,0q) is not cofinal in Reeom, although it is cofinal in Raeptn(00)-

Proof. Changing only n never dominates a demand requiring a thinner tube or a larger
representation cutoff than the fixed values in oy. Cofinality in the depth subcategory is

immediate because every finite depth is eventually exceeded. O]

Throughout the paper, unqualified “cofinal” refers to the full multiparameter category.
The explicit tensor family of Section VII is called depth-exhaustive or depth-cofinal only

after its fixed stratum is displayed.



B. The Paper-1 package

For each admissible ~, the inherited finite data are
H, = Hey+ Huagy, FEoy =infspec(H,), Puacy = 1(g,1(H,),

and

H,=H,— Ey,I.

Let FYYV be the finite Wilson-channel map. Vacuum removal gives
T, = —Pa)FY, G =TT,

a. Complete-ground, Gram, and packet conventions. The symbol P, denotes the
complete exact spectral projection of H., at its ground energy. It neither selects a preferred
vector nor imposes rank one in the abstract theory. At the sequence interface the same
datum is denoted P -, S0

Pegy = Poacyy-
The active Paper-II symbol is retained to preserve the theorem and equation graph. Also,
G, =T7T, is the Gram operator of the vacuum-removed Wilson channel; it is not the gauge
group G.

The finite packet consumed from Paper I is
(H'ya EO,'W ch,'ya F};Vy Tw G'y: Fshys’ Pch,'y; Pres,m PUV,'y: Kv) )

with P, = Piac in the active notation. The selected triality-sensitive SU(3) packet of
Paper I is the principal upstream realization of this interface. No incision, regional W*-
system, Friedrichs operator, Mosco limit, thin observable system, relativistic spectrum, or
mass conclusion is imported into Paper II. On the good locus G, is invertible, and the
normalized physical channel is

hys —-1/2
Fobvs — 7,G; 12,

Its range projection is

Py = FEMS(FR%)".

The physical magnetic recompression is

phys __ phys* phys
Bmag,'y o <F’7 ) Hmag:’YF'y :
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The remaining finite package includes a residual infrared projection P, ., an ultraviolet
projection Pyv 5, and the exact combined mixed operator K. No assumption is made that

these blocks reduce the Hamiltonian separately; the mixed term is retained and estimated.

Definition I1.3 (Finite good package). A marked package is good for a threshold profile
A = (gxs G*, Cetxs Cres, s CUV 5 Esr i Emisei Pe)
if it satisfies:
(i) exact ground-sector isolation and the prescribed rank stratum;
(i) 9.1 <G, <G*I;

cee h .
(iil) BERY, > Cenwl;

(iv) residual and ultraviolet lower bounds ¢yes .« and cyy x;

(v) the declared channel-residual and ultraviolet—infrared mixed-block inequalities with

subcriticality constants below one;
(vi) positive vacuum overlap for all declared refinement arrows;
(vii) the prescribed relative and higher-coherence data.

In a refinement system built from vacuum-line correspondences, the phrase “positive
vacuum overlap” refers to a local Hilbert-space representative of J,. Since the vacuum
restriction of J, is unitary, the invariant overlap is one; a smaller number obtained from a raw
cylindrical chart records only the transversality of that chart before polar physicalization.

The finite coercivity theorem of Paper I then gives

ny Z R(Q)([ - Pvac,'y)7 (3)

where %(q) > 0 is an explicit function of the threshold profile.
For the selected Paper-1 SU(3) packet, the exact retained common floor is denoted kof.
That source constant is not identified with a generic Paper-II profile bound merely because

both are positive.



C. Topological strata and continuity

All finite spaces are stratified by combinatorial type, representation content, cutoff rank,
vacuum rank, and physical-channel rank. On a fixed stratum the Hamiltonian and transport
matrices carry the operator-norm topology, while finite central bands carry the discrete
topology. Spectral separation implies norm continuity of the Riesz ground projection; the
Gram lower bound implies continuity of G~%/2; and positive overlap implies continuity of
the polar vacuum comparison® '2. These observations are the finite-dimensional basis for
compact good loci. The Supplementary Material records the corresponding quantitative

perturbation estimates and the necessary distinction between an isolated low-energy island

and an exact higher-rank ground sector.

IIT. RELATIVE SCALE BORDISM AND ADMISSIBLE COHERENCE

Reader’s guide. Three kinds of information enter the refinement problem, and they must
not be conflated. A refinement arrow changes the finite geometry; a relative filling class
records whether two refinement histories are admissibly comparable; and a coefficient-line
reassociation class records the residual higher gluing of vacuum transport. The first two
control compatibility of finite packets. The third determines the global vacuum descent type.

No transgression identifying these layers is assumed.

A. The refinement-to-admissible mapping fiber

Let (A®, d4) encode raw refinement defects, let (B®, dp) encode admissible correction data,

and let

Q: A — B

be the comparison cochain map. Using the standard shifted mapping-cone convention'?, we

define the mapping fiber

Fib(Q)" = A* @ B*, Do(a, B) = (daa, Qoo — dpf3).
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raw geomet-

ric refinement

a:vy — v
comparison and
Y filling data
relative refinement-

Can the raw refinement mis-

match be filled admissibly?

to-admissible class ~  F------ >

[AC7 T] ref /adm

carried with, but

Y not identified with
coefficient-line re-

.. How do the coefficient
assoclation Cla.SS ——————— >

[Q] band

lines reassociate globally?

No equality, transgression, or automatic implication be-

tween the relative and reassociation classes is assumed.

FIG. 1. The three-layer refinement datum. The relative class and the coefficient-line reassociation

class belong to different complexes and answer different structural questions.

Since Qd s = dg(@), one has Dé = 0. A raw refinement mismatch A; € A* together with an

admissible filling 7 € B*~! defines the relative class

(A T)ret faam € H (Fib(Q)).

The cocycle equations are

dAA< = O, QAC = dBT.

A representative change has the form
Lo Actdah, T =7+ QA—dp

The class records whether raw refinement mismatch can be filled admissibly. It is not the
associator class introduced below.

a. Cohomology-class firewall. The relative class [A¢, T]ief/aam and the coefficient-line
band class [Q]pana live in different complexes and answer different questions. The first
measures admissible filling of refinement mismatch; the second measures coefficient-line

reassociation. No equality, transgression, or automatic implication between them is assumed.
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B. Scale bordisms and analytic comparison cells

A scale bordism 9B, : ¥ — 7/ over a refinement arrow a contains the geometric refinement,
analytic comparison maps T%), the vacuum compression C/*, and the relative filling data.

For the recursive realization below, these data are induced from one phase-free vacuum-line
correspondence

Ja : Hs(a)®La — Ht(a)v <4>

where L, is the added vacuum refinement line, equipped with its center marking. A local

unit section e, € L, produces the Hilbert-space representative

Jot () = Ja(¥ ® €q),

but J,, not the section, is the invariant bordism datum. The coefficient correspondence,
vacuum comparison, package restriction, and higher comparison cells are all induced from
Jo. Thus different coordinate representatives used in a raw cylindrical chart are not distinct
physical refinement arrows.

a. Physical-arrow firewall. The line-assisted correspondence J, is the physical scale
arrow together with its coefficient line. It is not assumed invertible. Reassociation of
coefficient lines may repair higher coherence, but it does not turn one-sided physical transport
into an equivalence.

For composable arrows

Yo 5 A1 = Ao,
the actual pairwise composition of J, and J, induces a compositor

Xb,a : EBb (¢] %a eSS %ba-

In the separated-shell realization this compositor is the exact tensor-concatenation identity
on the full finite Hilbert spaces. Local unit sections of the coefficient lines turn it into a
unitary comparison defined up to one central phase.

The analytic non-flatness in channel v is

91(;”) — W T{(}”)T((lu) _ T{(}Z). (5)

Y Xb,a

For three composable arrows, the two pastings of these induced pairwise compositors differ

only through reassociation of the coefficient lines. If the fixed banded coefficient reassociator
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is

Oeha = el [0l lal)T,

c,b,a

then the higher comparison between the two parenthesized triple composites is the coefficient-
line two-cell

ach.a = Usie 0 (I®0g), ) = Q(lcl, 8], lal) U332 (6)

cba c,b,a cba*

This is a two-cell between parenthesized coefficient-line correspondences, not a conjugation
by an inverse of the full isometry and not an equality among globally evaluated ordinary lifts.
Thus the associator is not an independent scalar assigned after the bordisms are constructed.
It is the coefficient-line reassociation carried by their actual triple composition. The pentagon
is the cocycle identity

Ocatw = 1. (7)

The class [w]aam still depends on the specified coefficient band and arrow action. With
ordinary Hilbert reassociation, {2 = 1 and the phase-free correspondence is strict; a nontrivial
class requires the nontrivial banded coefficient law and is not generated by endpoint matrix

multiplication alone.

C. Vacuum compression and the coefficient band

The complete ground spaces are
V, = Ran Py 5.

When C}* has positive lower singular value, its polar factor gives an isometric or, on a
constant-rank branch, unitary comparison U*°. Vacuum compression sends admissible
compositors and associators to vacuum-sector cells. On a fixed coefficient band this is a
cochain map, hence induces maps on relative and associator cohomology. The ambient class
may become trivial after vacuum compression; the vacuum type must therefore be computed
from the compressed diagram, not inferred from the ambient marking.

For the principal twisted example the band is the Z, center grade of the fundamental

SU(2) Wilson character. The normalized cocycle

(g, hy k) = (—1)7 e (8)
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represents the generator of H*(BZy; U(1))*?, with
Oy(1,1,1) = —1.

The band is essential: the nerve of a bare directed depth category is contractible, so the
pullback of €21 can be trivialized by arbitrary arrow-dependent phases. Appendix F constructs
the two center-twisted background fibers and proves that the marked elementary Wilson-
shell operator is center odd. Center-background-natural marked equivalences preserve the
grade. The higher-equivalence class is then restricted separately by shell locality, translation
stationarity, and coefficient monoidality; Theorem F.7 proves that these gauges are exactly
the pullbacks of band cochains. The reconstruction-relevant obstruction is the failure of

strictification within that declared local higher-equivalence category.

IV. COEFFICIENT-LINE GOOD LOCI AND DIRECTED COFINAL
SELECTION

A. Finite coefficient-line physical diagrams
Let D be a finite demand-diagram shape in the geometric scale category. A finite
coefficient-line physical diagram over D is a pair
D% = (Ap, C}), (9)
where the analytic part

QlD = ({spx}xeDoa {%aa Ja}aeDla {Ql(:gz}(b,a)eDg,m (AQ 7—)D)

contains the complete physicalized packages, canonical scale-bordism correspondences, ana-

lytic comparison defects, and relative mapping-fiber data. The coefficient-line part is

€% = ({La}acns, (Mo : Lb®La = Lia}paens: @, (U Vaeny, | - [p, BY, Trive,, ). (10)

Here oz% is the pulled-back coefficient reassociator, U*° : Vs(a)®La — Vi(a) is the vacuum
restriction of J,, and Trivg, is the lifting two-presheaf assigning to each rooted finite
simplicial chart £ C N (D) the two-groupoid Trivg,,(E) of coefficient-line trivializations.
A point of the finite-diagram space contains this whole coefficient-line system; it does not

contain a globally chosen ordinary unitary lift or a preferred local tensorator.
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Two such diagrams represent the same point when they are related by objectwise package
equivalences, center-background-natural bordism intertwiners, and a shell-local, translation-
stationary, coefficient-monoidal equivalence of coefficient systems. Local k- and h-transitions
inside Trivg,, are morphisms of the lifting two-presheaf, not additional scalar compositor

coordinates of the finite diagram.

B. Invariant finite-diagram curvature

The bounded good locus must be defined from invariant data, not from a chosen Hilbert
lifting chart. We therefore set
Curv™ (D) = 37 w, |95 1° + weall (Ae, 7)ol + whana D= €2(Qp(Jel. 0], ]al)) . (11)
(b,a),v (¢,b,a)€D;3
No term involving a scalar vy, or a chosen local tensorator appears in (11); those are chart
data rather than invariants of the coefficient-line descent object. The band term is constant
on a fixed marked type and may be omitted when only analytic compactness is being tested.
Let Volwr (D) > 0 be the geometric Wilson-tube volume and set

Curv™ (D)
VOIWT (D) '

Fix a quantitative profile q,, a curvature bound M, and a finite diagram shape D. Denote by

raw __
yD =

x5 (q., M) (12)

the set of band-local equivalence classes of finite coefficient-line physical diagrams (9) whose
objects are good packages, whose canonical bordisms satisfy the declared overlap and
relative filling conditions, whose coefficient-line data satisfy the module pentagon, and whose
normalized invariant curvature is at most M. The topology in the selection theorem is
a topology on these equivalence classes together with their functorially attached lifting
two-presheaves; compactness is an explicit hypothesis, not a consequence of choosing local

trivializations.

C. Restriction of the full descent datum

For an inclusion 7 : D < D', restriction acts simultaneously on all levels:
QN _ Q
TD’,D(Q[D’,Q:D/) = (Q[D’|D;Q:D/|D)- (13)
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In particular it restricts packages, bordisms, analytic defects, relative fillings, coefficient lines,
multiplication maps, the grade, the pulled-back reassociator, and the vacuum correspondences.

On lifting charts it is the cochain-restriction two-functor
TI'iVQD, (El> — TI'iVQD (E)

for every rooted chart E C D and compatible root-preserving chart £/ C D’. Thus the
bonding maps used below are maps of the repaired coefficient-line objects, not restrictions of

an obsolete scalar-cell pseudosection.

D. The directed compact inverse system

Let Jg5, denote the partially ordered set of finite demand-diagram shapes, ordered by
inclusion. It is understood to test the full scale category: every finite collection of objects

and arrows of Mgeom is contained in some member of Jg,.

Hypothesis IV.1 (Directed finite-shape amalgamation and a seed). The index set Jg, is
directed under common finite extension: every finite family Dy, ..., D,, is contained in some

finite shape E. There are a shape D, € Jg, and a point
Te € %%).Od<q*7 M)

Hypothesis IV.2 (Compact Hausdorff coefficient-line good loci). For every D € Jg,, the

space X2°Y(q,, M) of equivalence classes defined in (12) is compact Hausdorff.

Hypothesis IV.3 (Coherent continuous restriction). For every inclusion D C D', the full

restriction (13) induces a continuous map
ronp X590 (e, M) — X5°(q., M),
and these maps satisfy
rp.p = id, rpnp =rpporprp (D C D CD").
The identities include the restriction two-functors of the lifting presheaves.

Hypothesis IV.4 (Universal finite extension feasibility). For every inclusion D C D', the

full coefficient-line restriction map rp p is surjective. Equivalently, every good finite analytic
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and higher-descent datum over D extends to D’ without weakening q., changing the declared
rank stratum or marked band class, or replacing the coefficient-line law by an unrelated

scalar-cell model.

The final hypothesis contains the model-specific analytic and higher-descent difficulty.
Compactness alone does not prove extension feasibility. Directed amalgamation is also
essential: one seed can populate every finite shape only because the seed shape and any

prescribed finite demand admit a common finite extension.

Interpretive lead-in. The finite good loci and restriction maps now form a directed system
indexed by finite demand shapes. The next theorem addresses the genuinely global selection
question in the abstract part of the paper: whether all finite compatibility requirements can
be satisfied simultaneously. Its conclusion is conditional on universal finite extension and

compact coherent restriction; it is not inferred from the explicit depth family constructed

later.
compatible
common finite ‘ ‘ common finite ‘ inverse-limit
extension FEjg ‘ ‘ extension Fog ‘ higher pseu-
A A
- dosection
restriction,
Y Y
Dy Dy D3
package + package + package + Compactness supplies
bordism bordism bordism existence; surjective exten-
coefficient law coefficient law coefficient law sion supplies compatibility
fixed profile fixed profile fixed profile across every finite demand.

FIG. 2. Directed finite-shape selection. Dashed arrows indicate extension or amalgamation; solid
arrows indicate restriction. The inverse-limit point retains the complete finite analytic and higher-

descent datum, not only a sequence of coercive constants.

Theorem IV.5 (Directed compact inverse-limit selection criterion). Assume Hypotheses IV.1-
IV.4. Then every coefficient-line good-diagram space is nonempty and

lim X5°(q., M) # @. (14)

DeEJgn
Every point (xp)pes,, of this inverse limit is a compatible family of finite physical packages,

canonical bordisms, coefficient-line systems, and lifting two-presheaves. Since Jg, tests all
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finite parts of Reeom, such a family determines a full multiparameter cofinal physical higher

pseudosection with the fixed profile q.

Proof. First fix D € Jg,. Directed amalgamation gives a finite shape E containing both
D, and D. Surjectivity of rg p, provides xg with rg p,(zg) = z., and then rg p(zg) €
Xy Od(q*, M). Thus every factor is nonempty.
Consider the compact product
K= T *%°(q., M),
D€EJgn

which is compact by Tychonoft’s theorem. For each inclusion D C D', let

The set Cpr p is closed because it is the inverse image of the diagonal in the Hausdorff space
x¥5°4 % 2%° under the continuous map (zp)p — (rpp(xp), 2p).

The family {Cp/ p} has the finite-intersection property. For a finite collection of bonding
equations choose one finite shape F containing every shape that occurs. Choose xg and set
xp = rgp(xg) for every occurring D. The full restriction identities, including those of the
coefficient-line and lifting data, make all selected equations hold. The remaining coordinates
may be chosen arbitrarily because every factor is nonempty. Compactness of K gives

m CD’,D 7A Qv

DcD’

which is precisely the inverse limit in (14). H

Remark IV.6 (No hidden countability or scalar-cell hypothesis). The proof does not choose
a countable cofinal chain, and it does not select scalar compositors or globally evaluated
ordinary vacuum lifts. Its factors are the repaired coefficient-line good loci and its bonding

maps restrict the entire higher-descent datum.

Remark IV.7. The theorem is a criterion, not a microscopic Yang—Mills extension theorem.
Its universal extension hypothesis concerns every equivalence class in each full coefficient-
line good-diagram space over the full multiparameter scale category. Section VII instead
constructs one depth-cofinal family inside a fixed finite stratum. It neither proves full-scale
cofinality nor surjectivity of the restriction maps on the full good-diagram spaces. Fixed-
stratum depth exhaustion is a theorem in its own habitat. It becomes something else only

after the remaining scale variables have been controlled.
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E. Conditional common refinement

Two full-scale higher pseudosections are physically cofinally equivalent if every pair of finite
restrictions admits, after enlargement of the finite demand shape, a common good extension
whose analytic bordisms and coefficient-line descent systems are related by a band-local
equivalence with positive vacuum overlap. This requires a separate good-amalgamation
hypothesis. Even when such an amalgam exists, it need not preserve an optional asymptotic

comparison cost: physical cofinal equivalence and cost neutrality are different conditions.

V. PROFILEWISE UNIFORM COERCIVITY AND THE COFINAL
CONSEQUENCE

Let ceh s, Cres s, cuv,« > 0 be uniform channel, residual, and ultraviolet lower bounds on a
compatible family of finite packages. Let py, < 1 control the channel-residual mixed term

and let p < 1 control the exact ultraviolet-infrared mixed block. Define

1_psr

CIR,x = min{cch,*7 Cres,*}a (15)

and
l—p .
R = —5— min{cyy «, g « }- (16)

a. Coercive-constant firewall. The displayed k, is profile dependent; when that depen-

dence must be visible we write x.(q) and set

RIL,prof -=— ’f*<q>

It is not a synonym for the exact selected Paper-1 SU(3) constant k... The values 0.24975,
3.093219423836 . .., and 3.092840380512857 ... belong only to the explicit fixed-stratum
SU(2) realization.

Theorem V.1 (Uniform coercivity from one fixed profile). Let Spnys be any compatible
family of finite physicalized packages carrying one fized threshold profile, whether or not its
index set is full-scale cofinal. If that profile satisfies the strict inequalities entering (15) and
(16), then k. > 0 and every package in the family obeys

(Hy > Byl + #.(I = Paacr)-| (17)
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Proof. The channel and residual diagonal bounds, together with the channel-residual mixed
estimate, give

H, > cir «Pir .y

on the complete infrared complement of the ground sector. Combining this with the ultraviolet
lower bound and the exact ultraviolet—infrared mixed estimate yields (16) by the elementary

two-block inequality
2/(z, Ky)| < p(covallz]® + emaly]?)-

No block-reducing hypothesis is used. The full mixed operator is estimated directly. O

What has been established. The inverse-limit theorem and the profile theorem perform
different jobs. Compactness selects an entire compatible diagram, whereas the retained
profile transfers one quantitative coercive floor to every object of any compatible family
carrying it. The explicit SU(2) construction below verifies this quantitative mechanism only

along tensor depth at one fixed stratum.

Corollary V.2 (Full-scale and fixed-stratum consequences). Theorem V.1 has two distinct

applications:

(i) a full-scale cofinal pseudosection obtained from Theorem IV.5 has one uniform cofinal

coercive constant;

(i) the explicit family of Section VII has one uniform constant along its fixed-stratum

tensor-depth exhaustion.
The second statement is not a continuum-cofinal conclusion and requires no universal finite-

extension hypothests.

A. Vacuum overlap and exact ground sectors

For every selected refinement arrow a, assume
(C;/ac)*czac Z prvac,s(a)a Vi > 0. (18)

Then the polar vacuum comparison is well defined and varies continuously on the fixed rank

stratum. When higher-rank ground sectors are allowed, the selected projection must be
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the complete exact ground projection. A stable low-energy island of the same rank is not
sufficient unless a no-splitting theorem identifies the island Hamiltonian with a scalar on
that subspace. In the integrated recursive realization below, the ground sector is rank one,

so this issue does not arise.

B. What the theorem does and does not say

Equation (17) is a profilewise statement. When the compatible family is full-scale cofinal,
it becomes uniform cofinal coercivity. On the explicit fixed-stratum family, it is only uniform
depth coercivity. Neither version constructs a limit operator, proves convergence of quadratic

forms, or supplies the no-leakage theorem required for a continuum mass gap.

VI. COEFFICIENT-LINE VACUUM TYPE AND FIXED-TYPE
SELECTION

Reader’s guide. The analytic packet alone does not determine how vacuum transport
reassociates globally. We therefore fix the coefficient band and treat the reassociation law as
part of the selected datum. This creates two logically separate questions: whether a branch
exists with the prescribed finite analytic profile, and whether its coefficient-line descent is
strict or carries a nontrivial higher class. The fixed-type inverse system keeps both questions

visible.

A. Coherent vacuum descent diagrams

Vacuum type is not attached to an isolated Hamiltonian package and is not encoded by a
tuple of globally chosen ordinary lifts. It is attached to the coefficient-line vacuum part of a

finite physical diagram:

5= (Vo) {La} {m e} 08, {US), Triva,, |- |, B5). (19)

The lifting two-presheaf Trivg,, records the local Hilbert realizations and their one- and
two-transitions; no object A of a local lifting chart is part of the invariant vacuum type. The
induced type is

TyPee(Dp) = (£2°(Db). [2p]bana). (20)
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Restriction of the full coefficient-line diagram preserves this type.

B. Strict and twisted cyclic bands

For a fixed cyclic coefficient band, the strict branch has trivial coefficient reassociator.
A twisted branch has the same canonical coefficient-line arrows but a nonzero banded
reassociator class. In the Zj case the generator ; in (8) cannot be removed by a normalized

band tensorator. Indeed, every normalized 2-cochain A on Z, satisfies
(0A)(1,1,1) =1,
whereas Q;(1,1,1) = —1.

Theorem VI.1 (Complete banded strict/twisted alternative). Let DV° be a canonical
constant-rank coefficient-line vacuum diagram obtained from the scale-bordism correspondences
of Appendiz O, with fived normalized Zo coefficient band and vanishing relative scale class.

Then the following are equivalent:
(1) [QD]band = O;'

(ii) the coefficient-line system admits a center-background-natural, shell-local strong

monoidal trivialization and hence an ordinary Hilbert descent;

(iii) 4t is band-preservingly equivalent to the explicit strict control generated by the maps

o of Appendiz S.

If instead [Q2plbana = [1]bana 7# 0, none of these conditions holds. The invariant vacuum
datum is then the coefficient-line-valued higher descent object of Appendix I: it is locally

Hilbert realizable on finite rooted depth charts but has no band-local global section.

Proof. The strictification argument is Theorem H.5. A vanishing band class removes the
coefficient reassociator by a normalized band tensorator. The remaining chartwise central
comparison is an ordinary normalized 2-cocycle on the rooted batch-refinement category and
is contracted by an arrow 1-cochain; the resulting strict realization differs from Jg , by an
objectwise scalar gauge. Conversely, a band-local strong monoidal trivialization has trivial

reassociator and therefore zero band class. The nonzero case is Theorem 1.11. O

21



Remark V1.2 (Why the band is part of the theorem). The unmarked depth category has con-
tractible nerve. Arbitrary arrow-dependent tensorators may trivialize the pulled-back cocycle
on a local finite chart. The nontrivial statement is the obstruction to one center-natural,
shell-local, stationary, coefficient-monoidal trivialization of the repeated-shell coefficient
law. These strict and twisted alternatives classify Paper-I1 coefficient-band globalizations;
they are not the Sector-1/Sector-11/Sector-II1 terminology of the later spacetime realization.

Coefficient-line equivalence is not physical scale equivalence.

C. Center-background-natural admissibility

Let Zx; = (—1)¥y; on the retained character space and let X be the compressed

fundamental Wilson multiplier. Then
ZX7'=-X.
The seed therefore has two center-twisted background fibers
(=1 -
HY = H, +1- X ZHZ771 = gl

Appendix F proves that the complete physicalized package and the canonical coefficient-line

scale bordism extend naturally over these fibers.

Theorem VI.3 (Physical invariance of the Wilson-shell band). Within the category of center-
background-natural marked Wilson-shell systems, an elementary refinement has invariant
grade one and a batch refinement has grade |a,x| = k. Center-natural marked equivalences
preserve this grade. If coefficient-system tensorators are additionally required to be shell local,
translation stationary, and coefficient monoidal, they factor uniquely through normalized
cochains on the fixed band. The rooted arrow-dependent contraction is background natural but
fails shell stationarity and is therefore a local lifting-chart object, not an admissible global

equivalence.

The theorem separates two inputs: center covariance fixes the physical grade, while shell
locality and stationarity fix which monoidal transformations count as local equivalences of
the repeated-shell coefficient law. It does not assert that the finite Hamiltonian selects €24

over )y. The two remain distinct coefficient-line globalizations in the declared category.

22



D. Fixed-type cofinal higher pseudosections

For a finite diagram shape D and a banded type v, let
2500 = {[D5] € B : Typey, (D5°) = vlp} . (21)

The brackets emphasize that the point is a band-local equivalence class of the full coefficient-

line diagram; it is not a selected local tensorator.

Theorem VI.4 (Fixed-type cofinal selection). Assume that the finite demand shapes form
the directed system of Hypothesis IV.1; that one coefficient-line fived-type seed exists; that
every X¥ odv i compact Hausdorff; and that the full restriction maps are coherent, continuous,

and surjective. Then

1-&1 :{%)Od,b # .

D€EJgn

FEvery point of this inverse limit is a full-scale cofinal physical higher pseudosection of type v,

and the uniform coercive estimate (17) holds along its analytic packages.

Proof. Apply Theorem IV.5 to the fixed-type inverse subsystem. Directed amalgamation
and the fixed-type seed imply nonemptiness of every factor by common extension; compact
Hausdorffness and coherent continuous surjective restriction give the finite-intersection
argument. The restriction theorem of Appendix Q) acts on the coefficient lines, reassociator,

vacuum correspondences, and lifting two-presheaf, so type jumping is impossible. O

The theorem does not preselect a type objectwise and does not introduce a second scalar-
cell model. The type is the compatible marked class of the coefficient-line higher descent

system itself.

VII. AN END-TO-END FIXED-STRATUM STRICT/TWISTED DEPTH
PAIR

Fix a finite scale stratum
oo = (€0,60, Ao, by),

where A is the four-character retained cutoff and the tube, regularity, and boundary data are

held fixed. This section constructs one explicit calibrated SU(2) family that is depth-cofinal
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in Raeptn(0o). By Proposition I1.2; it is not a full multiparameter cofinal branch. The
construction is independent of the universal extension hypothesis in Theorem IV.5. Exact
matrices and human-readable interval certificates are supplied in the Supplementary Material.

a. Role of the explicit realization. The abstract selection criterion is group agnostic
at the level of a finite good package. The selected triality-sensitive SU(3) packet imported
from Paper I is the principal upstream branch for the later sequence. The construction in
this section is instead an explicit SU(2) fixed-stratum validation of the recursive analytic,
scale-bordism, and coefficient-line mechanisms. It neither replaces the selected SU(3) packet

nor transfers its numerical constants to that packet.

A. One-shell seed

Let Ky = C* be the four-character gauge—invariant seed space. Its finite Hamiltonian H,

has a rank-one complete ground projection P2). The physicalized Wilson channel satisfies

vac

Gy = (FY)*(1 — PO)FY = 0.999999999715420 . . .,

vac

and the physical magnetic recompression is

(FRhvs)* [(12) FBYS — 1 050584273164 . . ..

mag

The exact mixed block obeys
| /5 || = 0.051998558862.. . .,
and a refinement-ready finite coercive certificate is

H, > 3.093219423836 ... (I — P2). (22)

vac

B. Recursive tensor family and global physicalization

At depth n, set

%n :,Cé®n’ Z ®(m 1) ®H ®I®(n m)

m=

with ground energy E,, = nEy, and complete ground projection

Pvac,n — (P(2))®n (23)

vac
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The coefficient space is the orthogonal direct sum of the n vacuum-anchored local Wilson
lines. The global Wilson map inserts the local channel in one shell and anchors every other

shell in its vacuum line. Vacuum removal makes the shell channels orthogonal. Consequently,
G, =Gyl (24)
exactly for every n. The physical magnetic recompression is diagonal on the coefficient sum:

BRlve, = (1059584273164 .. + (n — 1)0.838794220733...) I. (25)

mag,n

The complete mixed block is the orthogonal sum of the local mixed blocks, and hence
[ Ell = (1] (26)

Multi-excitation sectors contribute only positive ultraviolet energy.

C. One canonical scale-bordism correspondence

Let ¥V = Ran P?). The declared elementary refinement is not a chosen map H, — Hni1,

vac”*

but the phase-free correspondence
Jn—}—l,n : Hn®v — Hn—f—la (27)

given by canonical tensor reassociation. It intertwines the shifted Hamiltonian, complete vac-
uum projection, Wilson map, Gram operator, physicalized channel, magnetic recompression,
and mixed block as proved in Theorem C.6. Its vacuum restriction is unitary, so the physical
overlap constant is v, = 1.

A local unit section e € V gives

i—i-l,n(w) = Jn+1,n(¢ ® 6)7

which is the representative used in both the strict and twisted lifts. The older map ¥ — ¥ ® g
is only a raw cylindrical chart; the polar factor of its vacuum compression is J;% ; ,,, where
eo = Pxo/||Pxo||- Hence package restriction, vacuum transport, overlap, and higher descent

are induced by one scale-bordism datum.
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Theorem VII.1 (End-to-end physicalized fixed-stratum depth family). The family

{H,, Hp}n>1 carries the complete physicalized package at every depth with one common
profile
g« = 0.999999999715, G =1, Cenx = 1, Crese = 1,
cuv« = 0, Emixs = 0.052,  p, =0.001, v, = 1.
The Paper-1 package formula gives

H, > 0.24975(1 — Pyacn), (28)
while the direct tensor-sum estimate gives
H, > 3.093219423836 . . . (I — Peacn)- (29)

The displayed depth maps give a specified compatible extension from the canonical depth-n
package to the canonical depth-n + 1 package without weakening the profile. This proves
existence of the explicit depth exhaustion in Raeptn(00). It does not vary eg, 0y, Ao, or by, does
not give a full-scale cofinal sequence, and does not assert that every arbitrary element of a

full good-diagram space extends.

Proof. Equations (23)—(26) show that every physicalized block is either a direct sum of the
one-shell block or receives an additional positive tensor-sum contribution. Thus the displayed
thresholds are independent of depth. The single correspondence (27) transports the complete
package and has exact vacuum overlap one. The package estimate follows directly from
Theorem V.1 and Corollary V.2, applied to this explicitly constructed fixed-stratum family.
The stronger bound follows because every vector orthogonal to the product ground line

excites at least one shell and costs at least the one-shell certificate (22). O

D. Exact cofinality status and relation to the abstract criterion

Let ©7°¢ denote the canonical coherent diagram through depth n constructed above and
let 570 = (n,04). The sequence
@Eec C QEGC C .
is a compatible physical pseudosection over Rgeptn(0p) and is cofinal only in that depth

subcategory. It may be encoded as the singleton inverse system
X = (o5},
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whose bonding maps are bijective. This bookkeeping observation neither verifies Hypothe-
sis IV.4 nor supplies the missing motions ¢ — 0, A — oo, and cofinal refinement of 6 and b.
A full-scale cofinal branch must be obtained separately from the abstract criterion or by a
new multiparameter construction that extends this depth model while preserving its profile

and higher coefficient law.

E. Strict control

Choose temporarily a unit representative e of the one-shell vacuum line. The strict

comparison is the local representative of the canonical bordism,

S;k(f) = Jn,k(g ® 6®k)‘
Then
761+k;€‘]7i;k = Jz;k—i-é' (30)

If ¢ = ze, the corresponding comparisons satisfy

n n

Jo = Wain(2)JL W ()™, W(2) = 2,

so the choice of representative is only gauge. The strict diagram has type (0, 0).

F. Twisted center-banded composition induced from the same bordisms

For an arrow a,, the coefficient line of the canonical correspondence is L, = VO Tts
center grade |a| = k is the additive parity of the marked fundamental Wilson multipliers
on the added shells. The exact identity ZXZ ! = —X, together with center-background
naturality of the complete package and of J, proves that this marking is invariant under
center-natural marked equivalence. Theorem VI.3 separately characterizes physically local
higher gauges by shell stationarity and coefficient monoidality. Pairwise composition of the

actual correspondences is exact:
Jb(Ja®ILb) = Jba(f@)mb,a)-

Hence the pairwise compositor is induced by J, not separately postulated.
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Equip the coefficient lines with the center-banded reassociator

Aeha = (el ], Jal)1.

c,b,a

The two parenthesized triple composites are related by the coefficient-line two-cell

ai, = Ule o (I®ag} ) = Qu(lel, 8], lal ) U (31)

c,b,a cba c,b,a cha*

For three elementary insertions this two-cell is —I. It is not an equality among globally
chosen ordinary unitary lifts. On every finite depth simplex the rooted arrow-dependent
tensorator Ay with dAy = Oy gives an ordinary local Hilbert realization; changes of Ay give
the higher gluing transitions. The rooted tensorator is background natural but fails shell
stationarity. By Theorem F.7, no shell-local stationary tensorator exists because every such
tensorator would depend only on the fixed grades. The twisted diagram has type (0, [Q1]pand)-

With the ordinary coefficient reassociator €2y = 1, the same correspondence gives the strict
branch. The center-background completion fixes the physical grade, while shell locality and
stationarity exclude the depth-dependent rooted contraction as a global higher equivalence.
The finite matrices nevertheless do not by themselves select £2; over )y; the two are distinct
global reassociation laws within the same physically marked center-equivariant refinement

category.

Interpretive lead-in. The strict and twisted constructions now share the same finite
Hamiltonians, physical channels, comparison maps, defect norms, and coercive constants.
The next theorem isolates the remaining difference: not a finite spectral difference, but the
global reassociation law of the coefficient lines. This is the precise sense in which the finite

analytic shadow underdetermines the higher vacuum descent type.

Theorem VII.2 (Paired fixed-stratum depth globalizations). The same recursively physical-
ized family admits two globalizations that are inequivalent under center-natural, shell-local

stationary higher equivalence:
GStr Of typ@ (0’0)7 Gtw Of typ@ (0, [Ql]band)-

They have identical finite Hamiltonians, complete ground projections, physicalized packages,
canonical projective comparisons, vacuum-overlap singular values, analytic refinement-defect

norms, and the same uniform coercive bounds (28) and (29).
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shared finite an-
alytic shadow
Hamiltonians, ground
projections, physical chan-
nels, comparisons, defect

norms, coercive constants
A

strict globalization forget coeflicient twisted globalization
trivial reassociator band and nontrivial coefhi-
global station- reassociation law cient reassociator
ary tensorator local Hilbert charts,
The difference appears only no global band-local
at the global coherence layer.
stationary tensorator

FIG. 3. The same finite analytic shadow supports two inequivalent global descent types. Any
discriminator factoring only through the shared finite data necessarily assigns the same value to

both branches.

Proof. The two branches use the same center-background-natural canonical pairwise bordisms
and differ only in the reassociation law of their physically marked center-graded coefficient
lines; the corresponding vacuum associators are induced from that law by the module
pentagon. Multiplication of a lift by a central phase leaves every objectwise operator
unchanged. Coefficient-space phase changes conjugate the Gram operator and recompressed
magnetic form unitarily, leave the channel projection fixed, and multiply analytic defects only
by unit-modulus scalars. Hence all singular values, spectra, norms, and coercive constants

agree. The banded types differ, so a center-band-preserving equivalence cannot exist. O

G. Coefficient-line higher descent and reconstruction obstruction

The twisted vacuum cannot be encoded by one global family of ordinary unitary lifts with

scalar compositors: ordinary operator associativity would force the scalar associator to be
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trivial. The invariant arrows remain the coefficient-line correspondences
Uzac : Vs(a)®La — Vt(a)-

Theorem VII.3 (Twisted higher vacuum reconstruction). For the recursive twisted depth
family, every finite depth simplex has a nonempty two-groupoid of arrow-dependent tensorators
A satisfying 6A = Q.. Each such tensorator gives an ordinary Hilbert realization of the
coefficient-line vacuum transport, and one- and zero-cochains give the coherent transitions

and modifications between realizations. These data form the fibred higher descent object
Q
Vacyy,

There is no shell-local stationary global tensorator. By Theorem F.7, any such tensorator
would factor through the fized center grades and require a normalized X : Z3 — U(1) with

0N = q. The strict control Qg = 1 has such a global section.

Proof. The explicit rooted tensorator is
An(i,j k) =1 (i=0),  An(i,j.k) = Qn(0,4,4,k) (i >0),

and the cocycle identity gives 0Ay = Qn. The lifting two-groupoid and its Hilbert realization
are constructed in Appendix I. A grade-only section would satisfy dA = €2y, impossible

because (6A)(1,1,1) = 1 while 2,(1,1,1) = —1. O

What has been established. Every finite depth chart admits an ordinary Hilbert realiza-
tion, and the local lifting two-presheaf is contractible. The obstruction appears only when
one asks for a single band-local, translation-stationary, coefficient-monoidal trivialization
over the entire branch. Local realizability and global strictifiability are therefore different

properties, even though all finite analytic certificates agree.

This is a statement about the fixed-stratum finite-depth higher descent object, not
a continuum vacuum. A continuum construction must take a limit of its local Hilbert
realizations and higher transition data and separately prove analytic convergence and no
leakage of the uniform threshold.

Ordinary Hilbert realizations on every finite depth chart do not supply one global shell-
local, translation-stationary, coefficient-monoidal tensorator. Local realizability and global

strictification are different assertions; the obstruction lives precisely in that difference.
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H. Finite-shadow indistinguishability

Define the complete finite analytic shadow

Shin(&) = ({Ba} TS} Asv ()} {11957

1),
where 3,, denotes the complete physicalized package.

Theorem VII.4 (No finite-shadow discriminator). For the paired branches,
Shg, (G°) = Shg, (&™).

Consequently, every invariant, estimator, or algorithm whose full input factors through this

shadow assigns the same value to the two branches.

Proof. The equality of all components was established in Theorem VII.2. Factorization

through the same input gives equal output. O

Corollary VII.5. Any strict—twisted discriminator must use band-sensitive or reconstruction-

sensitive data omitted by the finite analytic shadow.

VIII. CONCLUSION AND RECONSTRUCTION HANDOFF

The paper establishes two distinct finite-to-continuum statements. The abstract statement
is a genuine directed inverse-limit criterion: compact coefficient-line diagram spaces, coherent
continuous restriction, directed finite-shape amalgamation, and universal finite extension
produce a full multiparameter physical higher pseudosection. Any such pseudosection carrying

one quantitative profile inherits the uniform estimate
Hy, > Eopd + Fiu(I = Pracry)-

The theorem is conditional on its extension hypotheses and does not rely on countable
cofinality:.

The principal upstream instance is the selected triality-sensitive SU(3) finite packet
imported from Paper I, with exact retained floor x.s. The constructive statement internal to
Paper II is an end-to-end SU(2) depth exhaustion at a fixed finite stratum og. One canonical

vacuum-line scale-bordism correspondence transports the complete physicalized package, has
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exact vacuum overlap, and is natural over the two center-background fibers. The family has
depth-independent coercive constants but does not implement tube thinning, cutoff removal,
or the remaining geometric and boundary refinements.

The same fixed-stratum analytic family admits strict and nontrivially center-banded
coefficient-line globalizations. Their finite analytic shadows are identical. In the twisted case,
every finite depth chart admits an ordinary Hilbert realization, and the choices form a locally
contractible lifting two-presheaf with explicit rooted transitions and modifications. What
fails is a shell-local, translation-stationary, coefficient-monoidal global tensorator. Thus the
obstruction concerns admissible global higher gluing, not local Hilbert realizability.

The explicit datum passed forward is therefore

Q%‘I’:}JO = (g}‘gelpth(a())) {%ny Hn7 Pvac,na sBn}7 {Ja}a Vac]%illba [AQ T]ref/adm; [Ql]band7 qx, KfII,prof) .

Here 33, is the complete finite physicalized package, each J, is a line-assisted physical
correspondence rather than an assumed equivalence, and the two displayed cohomology
classes retain their separate meanings. This handoff contains no incision, regional W*-system,
Friedrichs or Mosco operator, thin limit, relativistic spectrum, or mass conclusion. Paper II
exports a typed finite-depth obstruction-and-coercivity packet; it does not export a spacetime

theory by anticipation.

Scope at this boundary. The full multiparameter theorem remains a criterion. The explicit
model is cofinal only in tensor depth at fixed stratum and does not by itself perform the
simultaneous geometric, ultraviolet, collar, and boundary refinements required for spacetime
reconstruction. Paper III begins from a selected packet and addresses that realization

problem.

A continuum reconstruction must extend this structure to a genuinely cofinal multiparam-
eter subsystem with

n — oo, e — 0, A — oo,

and cofinal refinement of § and b. It must then prove analytic tightness, convergence of
local observable systems and quadratic forms, effective higher descent, and no leakage of the
uniform threshold. The scale bordism is the indispensable bridge: it is the common structure
that transports both the finite coercive package and the category of vacuum gluing across

continuum-directed scales.
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SUPPLEMENTARY MATERIAL

See the supplementary material for the extended SU(2) seed calculations, exact matrices
and interval certificates, cyclic associator and center-twist checks, paired strict/twisted
realization data, and the supporting certificate and reproducibility documentation for the

finite calculations used in this article.
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Appendix A: Compressed certificate for the physicalized SU(2) seed

This appendix records the data needed by the journal argument. The complete algebraic
and interval calculation is given in the Supplementary Material.

Work in the ordered character basis

Ko = span{xo, X1/2, X1, X3/2}-

With electric normalization 4j(j 4+ 1) and magnetic multiplier 1 — %Xl /2, the compressed

Hamiltonian is

Its lowest eigenvalue is

ES = 0.918058177772217 . . .,

and the complete ground projection is P2) = 1 (H®). A positive representative of the

vac { EéQ)}
ground line is

Qy = (0.986786015025, 0.161718088440, 0.010025465323, 0.000332366530)” 4+ O(10~'2),

but only the projection is part of the package.

On the one-dimensional coefficient excitation line, take the normalized raw Wilson vector

—16X0 + 97X1/2 + 10X1
= . A2
Pw 76E (A2)
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After complete ground-sector removal,
13 = (I - szzg)ng) Gy = TQ*TQ = GQI,

with
0.999999999715 < G5 < 0.999999999716.

The Gram-normalized physical vector so = Gy 127 5 satisfies

lsa =1,  P@sy=0.

vac

The actual magnetic recompression obeys

1.059584273164 < (s9, H'?) s5) < 1.059584273165.

mag

Let PC(}?) = |s9)(ss| and P[(JQ\} = ] — P® — PP There is no residual block.

vac

H® =H® _ EP,
PEH® PR > 8.096308674897 P2,

and the exact mixed block

Ky = AR

is nonzero, with

0.051998558862 < || K| < 0.051998558863.

Thus the witness exercises genuine mixed-block control rather than block closure.

For the robust profile used throughout the paper, choose
Cen2 = 3.093770498, cuve = 8, Emix,2 = 0.052.
The determinant margin is
Cen2CUV2 — Emin = 24.TAT459984 > 0.
The smaller eigenvalue of the associated scalar block matrix is
Rgu() = 3.093219423836803 . . ..

Consequently,
H® > BT +3.093219423836... (I — P2).

vac
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Theorem A.1 (Complete physicalized SU(2) seed). The data above form a finite physicalized
good package with complete ground projection, positive Gram operator, positive magnetic
recompression, positive channel and ultraviolet diagonal constants, zero residual sector, a

nonzero ultraviolet—infrared mized block, and the certified coercive estimate (A3).

Remark A.2. The certificate proves finite good-locus nonemptiness for this four-character com-
pression. It does not prove persistence under cutoff enlargement, tube thinning, convergence

of the ground projections, or survival of the bound in a continuum limit.

Appendix B: Explicit cyclic associators and nontriviality audit
1. Purpose and coefficient convention

This appendix supplies the exact cyclic associator systems used in Section III. The

group-cohomological background is standard®®. The construction has four purposes:
(i) to define normalized cocycles on the additive refinement-label group Zy;

(ii) to verify the pentagon in the compositor ordering fixed in the compositor convention

of Section III,;
(iii) to prove directly that the Zy and Z;3 examples are not coboundaries;

(iv) to keep the additive center labels, the embedded central unitaries, and the resulting

U(1)-valued cohomology class logically distinct.

Let

2mi %
zN—exp<N> : pn = {2k 1k € Zy} CU(L). (B1)

For each label k € Zy, let k € {0,1,..., N — 1} denote its preferred lift. The coefficient

embedding is the homomorphism

iy Ly — U(1), in(k) = 2. (B2)

For SU(N), the same scalar is interpreted as the central unitary z;’i,[ ~. The notation does
not identify H*(Zy;Zy) with H3(Zy; U(1)). Rather, (B2) induces a coefficient map between

the two cochain systems.
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2. The cyclic carry function

For a € Zy, write

ae{0,1,....,N—1}

for its preferred representative. Define

G+b—atb
HNHG{OJ}. (B3)

en(a,b) =
Thus ey(a,b) = 1 precisely when addition of the preferred lifts produces one carry across N.

Lemma B.1 (Carry identity). For all a,b,c € Zy,
en(a,b) +en(a+b,c) =en(b,c) +en(a,b+c). (B4)

Moreover,

—_~—

a+b=a+b— Ney(a,b). (B5)

Proof. Equation (B5) is the definition of the carry. Applying it to the two parenthesizations
of'd—i-g—l—Egives

G+b+c—a+b+c=N(en(ab)+evla+b,c))

and also

—_——

G+b+c—a+b+c=N(ex(bc)+evlab+c)).
Equality of the right-hand sides proves (B4). O

The function €y is normalized:

EN(O,(Z) = GN(CL,O) =0. (BG)

3. The normalized cyclic associator

For m € Zy, define the exponent label
KEm(a,b,c) =maen(b,c) (mod N) (B7)

and the embedded central phase

Qo(a,b, ¢) = ix(km(a, b, c)) = 2oV G, (BS)
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Equivalently,

-
Qn(a,b,c) = exp( 7;\Z[ma€]\[(b7 c)> :

The sign in this formula is fixed so that
01(1,2,1) = /3

for the Zs example below.

The cocycle is normalized:
2,,(0,b,¢) = Qn(a,0,c) = Q,(a,b,0) = 1. (B9)

Under the arrow ordering of the compositor convention of Section III, an additive triple

of refinement labels (¢, b, a) is assigned
Wepa = Qm(c, b, a). (B10)

Thus the ordinary multiplicative group coboundary below is exactly the central specialization

of the categorical differential used in the categorical coboundary convention of Section III.

4. Pentagon verification

For a normalized U(1)-valued 3-cochain on the additive group Zy, use the convention

(6Q)(d, c,b,a) = Q(c,b,a)Q(d + ¢, b,a) " *Q(d, c + b, a)

(B11)
x Qd,c,b+a)"'Q(d, ¢, b).
All sums in the arguments are taken modulo N.
Theorem B.2 (Cyclic pentagon). For every N > 2 and every m € Zy,
0 = 1. (B12)

Consequently, (B10) defines a coherent central associator satisfying the five-term pentagon of

the pentagon ordering fixed in Section III.

Proof. Write
Fy.(a,b,¢) = maey(b,c) € Z.
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The exponent of (6€2,,,)(d, ¢, b, a) is, modulo N,

Dy (d,e,b,a) = Fy(c,b,a) — Fp(d+ ¢,b,a) + F(d,c+ b, a)
— F(d,c,b+a) + F(d, c,b).

By (B5),
d+c=d+2— Nex(d, o).

Hence the first two terms contribute
m(—J—I— Ney(d, c))eN(b, a).
The remaining three terms contribute
mJ(eN(c +b,a) —en(c,b+a) +en(c, b))
The carry identity (B4), applied to (¢, b, a), gives
en(c+0b,a) —en(c,b+a) +en(c,b) = ex(b, a).

The terms proportional to d cancel, leaving

Dy, (d,c,b,a) = mNen(d,c)en(b,a). (B13)
This is divisible by N, so
Zﬁm(d@b@) —1
That is precisely (B12). O

Remark B.3 (Strict operator coboundaries). Theorem B.2 produces admissible higher gluing
data. This does not contradict the fact that a globally strict operator coboundary has trivial
associator. For m # 0, the cocycle below is not the coboundary of one globally defined
normalized 2-cochain, and it is not obtained solely by multiplying a single family of global

finite-dimensional transport matrices.

5. A direct nontriviality detector

For a normalized 3-cocycle €1, define the cyclic detector

In(Q) = ]ﬁlm, b, 1). (B14)
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Lemma B.4 (Coboundary invariance of the detector). Let X : Z3 — U(1) be a normalized

2-cochain, with
(6A)(a, b, ¢) = A(b,c)A(a+b,c) " Aa, b+ c)A(a,b) 7" (B15)
Then
In(6N) = 1. (B16)
Consequently,
In(QON) = Tn(Q).
Proof. Using (B15),

. N N1 NP AL b+ D)
InA) = ]I Ab+1,1) 1] A(1,b)

b=0 b=0

Both products telescope cyclically on Zy, so their product is one. O

Proposition B.5 (Nontriviality and pairwise inequivalence). For the cocycle Q,,,

In (D) = 210 (B17)

Therefore Qy,, is not a coboundary whenever m # 0 (mod N), and the N cocycles Qq, ..., Qn_1

are pairwise inequivalent.

Proof. For b € {0,..., N — 1}, the carry ey(b,1) vanishes except at b = N — 1, where it

equals one. Hence
N-1 o)
In(Q) = [T 0@ = 25
b=0

Coboundary invariance from Theorem B.4 proves both claims. O

Remark B.6 (Scope of the detector). The detector proves exactly what is required here:
the displayed cocycles satisfy the pentagon, are not coboundaries, and represent pairwise
distinct classes within the explicit family. No exhaustiveness claim for all U(1)-valued cyclic

3-cocycles is needed in this article.
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6. The Z, associator

Let N =2 and m = 1. The only normalized triple with nontrivial value is (1, 1,1), and

0(1,1,1) = —1. (B18)

The detector gives

so the class is nontrivial. With the central-length convention

2rk k
In(k) = \1—2%[2:2—2%5(;) :4sin2<7]rv> : (B19)

one obtains

l5(1) = 4. (B20)

This is the topological curvature contribution used for one extensive nontrivial Z, associator

cell per refinement shell.

7. The Zs associator

Let N =3 and m = 1. Since
63(27 1) = 17

the marked triple used in the main text satisfies

01(1,2,1) = 2z = 2™/3, (B21)

The detector gives
J3(1) = 2,

so the class is nontrivial. Its central length is

11— /32 =3, (B22)

The conjugate cocycle {25 is also nontrivial and satisfies
33(92) e Z%

Nevertheless,

I1— 2z =|1-2]*=3.
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Thus the scalar central-length functional does not distinguish the two oppositely oriented
nontrivial Zs classes. The marked cocycle class must be retained in addition to its numerical

curvature cost.

8. Vacuum-sector realization and possible annihilation
Let a vacuum coefficient band carry the central character
pa(2N) = 2Ky, q€Zy. (B23)
The induced vacuum associator is
2 (a,b,c) = pg(Qn(a,b,c)) = Qym(a, b, c)ly. (B24)

Therefore

Q] =0 <= ¢gmn=0 (mod N) (B25)

within this cyclic family. In particular, a trivial central character annihilates every ambient
cyclic associator after vacuum realization. This is a concrete instance of the warning that an
ambient nonzero class need not act nontrivially on the complete ground sector.

For the prime cyclic groups used here, every nontrivial character preserves the nontriviality
of a nonzero class. The statement is about the coefficient band through which the associator
acts; it is not an assertion that the finite Hamiltonian ground space itself carries a distinguished

global center eigenvector.

9. Compatibility with the analytic curvature disk

The cyclic associators and the analytic two-shell defect of the analytic two-shell defects
described in the Supplementary Material occupy different components of the total scale-

coherence data. Their product gives a finite compatibility witness with
Dpa#0 and Q] # 0.
No implication is claimed in either direction:

gB,A # 0 #) [Qm] # 07
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(] # 0= D g # 0,

The analytic defect measures non-flat operator transport, whereas €2,,, records coherent higher

gluing in the central coefficient band.

Warning B.7 (Compatibility is not microscopic derivation). Taking the direct product of
the Wilson-character analytic seed and a cyclic associator system proves simultaneous
nonemptiness of the analytic and cohomological mechanisms. It does not derive the associator
from the finite two-plaquette Hamiltonian, nor does it identify the cyclic label group with

the complete microscopic refinement category.

10. Machine-checkable finite audit

For N = 2 and N = 3, all cocycle and nontriviality statements reduce to a finite

enumeration. The supplementary verification script checks:
(i) the carry identity for every triple;

(ii) the pentagon exponent for every quadruple and every m;

(iii) normalization of ,;

(iv) the detector value Ty (£2,) = 23};

(v) the exact Zy and Zs marked values;

(vi) the central lengths 4 and 3.
The script uses integer exponents modulo N, avoiding floating-point phase comparisons in
the cocycle and pentagon tests.
Appendix C: End-to-end recursive physicalization of the SU(2) seed

1. Purpose

This appendix closes the finite-to-recursive verification gap left by the separate one-scale

and shell-model constructions. Starting from the complete physicalized four-character seed
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of Section A, we construct, at every depth, a single separated-shell Wilson-character package

carrying all of the Article-I data:

w hys hys
Hny EO,n7 Pvac,ny F ) Gna F!; Y ) Bp Y

n mag,n’

Pch,n7 Pres,na PUV,n; Kn

The Gram, physical magnetic, diagonal, mixed-block, vacuum-overlap, and coercive constants
are independent of depth. The construction therefore produces one complete compatible
tensor-depth exhaustion directly inside a fixed finite scale stratum. It does not claim finite
extension feasibility for every arbitrary point of the full good-package spaces used in the
abstract inverse-limit criterion.

The family remains a calibrated separated-shell Galerkin realization at a fixed stratum
oo = (g0, 00, Mo, by). It is not identified with the unmodified constant-coupling Kogut—Susskind
Hamiltonian. The purpose of the construction is narrower and exact: to show that the
complete finite physicalization mechanism survives arbitrary tensor depth with one common
quantitative profile. It does not thin the tubes, remove the representation cutoff, or refine

the remaining geometric and boundary coordinates.

2. The local physicalized package
Let
K= st 2 CH
= Span {X07 X%a X1, X%} =C

and let
H = Hel + Hmag

be the exact matrix of (Al). Write

E,=EP, p=p® Q=1-P, h=H-—El

The complete vacuum datum is the rank-one spectral projection P. Let
Y = Ran P

be the corresponding vacuum line. No phase choice on that line is part of the package.
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Let ¢ = Cg, be the one-dimensional local coefficient space, and let
FVi:ie—K
be the raw Wilson map of (A2). Define
T=(I-PFY,  G=TT=Gy,  F™=T7G"2

Let
DPch = thys(thys)*’ Puv = Q — Dch-
The local residual projection is zero.

The estimates of Section A imply
Go > 0.999999999715, (FPRY)* H oo FPS > 1.059584273164,
Penhpan > 3.114097481076 pety,  Puyhpuy > 8.096308674897 pyy, (C1)
|Puvhpen|| < 0.051998558863,  h > Rsu()Q,

where

Ksu(z) = 3.093219423836803087 . . ..

3. The separated-shell exhaustion

For n > 1, define the depth-n Hilbert space
H, = K=" (C2)

This is the finite retained class-function sector of n separated SU(2) Wilson shells. For

1 <m < n, let a superscript (m) denote amplification to the mth tensor factor. Set
~ ()
Hel,n = Z He;n )
m=1

Hmag,n = Z HI(IZZé?
m=1

(C3)
Hy, = Hen + Huagn
H,=H,—nEl = zn: h(m),
m=1
Because P is the complete local ground projection,
Ey,, = nky, Pracn = P¥". (C4)

In particular, the complete vacuum rank is one at every depth.
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Proposition C.1 (Exact tensor-sum spectral separation). For every n > 1,

—

Hn > RSU(2) (I - Pvac,n)- (C5)

Proof. Since h > Kgy2)@ and P, @) reduce h, the tensor product decomposes into excitation-

pattern sectors

s = ® Q™ & P™, SC{l,....n}.

mesS mesS
On IIgH,, one has

H, > |S|Rsu().

The sector S = @ is exactly Ran Py, and every other sector has S| > 1. ]

4. A phase-free anchored coefficient space

To avoid choosing a vacuum vector, define the depth-n coefficient space by
¢, = PV gerynm, (C6)
m=1

Every summand is one-dimensional, but the definition uses only the vacuum line V, not a
preferred vector in it.

On the mth summand, define the raw Wilson map by
FV = 15 D @ FV @ 1™, (C7)

Equivalently, after choosing a temporary unit representative 2 € V, the image of the mth
unit coefficient is

Q®(m71) ® FWg+ ® Q®(n7m)'

Changing the phase of € only conjugates the coefficient description by a scalar unitary and
does not change the package.
Define
T, = (I — Pucn)FY,  G,=T:T,. (C8)

n

Theorem C.2 (Exact global Gram operator). For every depth,

©)
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Consequently,

0.999999999715 I¢, < G, < I¢g, (C10)
for every n.

Proof. Write
FVg, =aQ +1t, t1Q, It]? = G-

After removal of the joint vacuum, the mth anchored vector is
Q@(m—l) Rt ® Q@(n—m)'

Two such vectors with distinct excited shell indices are orthogonal because one tensor factor

contains t L ). Every diagonal norm equals Gj. O]
The physicalized map is therefore
FPbys — 77 G- 1/2, (C11)

It is an isometry. Set

Py = FEMS(FRMS), (C12)

5. Exact physical magnetic recompression

Let
Myac = T(PHpag) = (2, Hinagf2) = 0.838794220733 . ...

This scalar is phase independent. Let
biag = (FP%)* Hypoe PP = 1.059584273164 . . ..

Proposition C.3 (Global physical magnetic recompression). For every n,

Bhen = (F2™) Hinag nF™* = [binag + (0 — 1)100vac] I, (C13)
In particular,
Bow® > 1.059584273164 I, (C14)

Proof. A normalized physical coefficient at shell m is the tensor product of the local physical
vector on the mth factor and vacuum lines on all other factors. The mth magnetic term
contributes byag, While each other factor contributes my,.. Off-diagonal matrix elements
vanish because distinct anchored physical vectors contain one factor orthogonal to the vacuum

line. O
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6. Global channel, residual, and ultraviolet projections

For a subset S C {1,...,n}, retain the excitation projection Ilg from the proof of
Theorem C.1. The global channel projection is the sum of the one-excitation local channel

projections:

Py =Y. P D @ py, @ PO, (C15)

m=1
Set

Pres,n - 07 PUV,n =1- Pvac,n - Pch,n- (C16)

The ultraviolet sector splits orthogonally as

PUV,n - Pone—uv,n + Pmulti,na (017)
where
Pone—uvn = i P®(m_1) QX Puv & P®(n—m)
m=1
and

Pmulti,n = Z .
[5]>2

Both summands reduce the ultraviolet compression of H,.
Proposition C.4 (Uniform diagonal bounds). For every n,

P Hy, Py > 3114097481076 Py, (C18)
PuynH, Pyy., > 6.186438847673 Pyy . (C19)

Proof. The channel compression is a direct sum of copies of the local scalar pg,Apan. On the
one-excitation ultraviolet sector, the compression is a direct sum of copies of p,,hp., and is

bounded below by 8.096308674897. On every multi-excitation sector Ilg,
H, > |S|Rsu(2) = 2Rsu(z) = 6.186438847673606 . . . .

The smaller of the two ultraviolet lower bounds is therefore the displayed multi-excitation

value. O
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7. The exact global mixed block

Define
Kn = PUV,nj—-[\nPCh,n~ (CQO)

Since Pes, = 0, this is the complete ultraviolet-infrared mixed block.

Theorem C.5 (Depth-independent exact mixed norm). For every n,

| K| = || K| < 0.051998558863. (C21)

Moreover, K,, has no component from the channel sector into the multi-excitation ultraviolet

sector.

Proof. The tensor-sum Hamiltonian preserves every excitation pattern Ilg. Acting on the
channel vector anchored at shell m, only the local term h(™ is nonzero. Its channel-to-
ultraviolet component is the local block p.,hpe. The resulting ranges for different m are
orthogonal. Thus K, is the orthogonal direct sum of n copies of the local mixed block, and

the norm of a direct sum is the largest summand norm. O

8. One common Article-I threshold profile

The empty residual sector is treated by the standard zero-dimensional convention:
Cres,x — 17 Esrpx = 07 Psr,x = 0.

The corresponding inequalities hold vacuously on Ran P, = {0}. Choose the depth-

independent rational profile

g« = 0.999999999715, G* =1,
Cehpe = 1, Cresx = 1,
cuv = 0, Esre = 0, (C22)
Emis = 0.052, pars =0,
psx = 0.001.

The common channel constant cq, » = 1 is below both the physical magnetic lower bound

and the shifted Hamiltonian channel lower bound.
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The inherited infrared constant is

1 — Msr,x . 1
ClR.+ = Por, mMin{Cen s, Cres e} = =- (C23)
bl 2 tl b 2
The mixed inequality is strict because
(0.052)% = 0.002704 < 0.003 = p.CUV +CIR - (C24)

Therefore the Article-I package formula gives

— 1-0001 1
Hy 2 kgl = Pacn),  Fpga = ——5— - 5 = 0.24975, (C25)

This conservative constant is derived from one common package profile. The stronger direct
tensor-sum estimate (C5) remains valid simultaneously.
If one uses the sharper two-block constants
et = 3.093770498, cuv = 6, et = (.052,

the depth-independent resolved two-block value is

Kblock,+ = 3.092840380512857 . . .. (C26)

9. One canonical vacuum-line scale-bordism correspondence

Let
Y =Ran P

be the one-shell vacuum line. For a batch insertion of k shells define

to be the canonical tensor reassociation map. Its range is the closed subspace in which every
added shell lies in its complete ground line. No unit vector in V is chosen.

The corresponding old-coefficient subspace is
€ = E, RV C €.y,
and the canonical coefficient correspondence is denoted
B €0V — &, 4. (C28)
It identifies the source with the first n anchored coefficient summands at depth n + k.
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Theorem C.6 (Exact package intertwining by the canonical bordism). For everyn > 1 and

k >0, the correspondence I, together with E,., satisfies

J;;kﬁnﬁ-knﬂn;k = f—j\n ® IV®’“7 C29

(C29)

Jnk(Poacn @ Iv®k)e]];§;k = Poacntk, (C30)
Tk (FY @ Iyer) = F) B, (C31)
E? Gk = G @ Ty, (C32)

Tnik (FOP° @ Iyer) = FoL B, (C33)
(C34)

(C35)

BB kB = (BRI, + kel ) @ Ty,

mag,n+k mag,n

C34

on the old channel and ultraviolet summands. The newly added channel and ultraviolet
summands are orthogonal positive extensions. Hence one and the same bordism correspondence
carries Hamiltonian extension, exact package restriction, vacuum transport, and the later

higher-descent data.

Proof. The added local shifted Hamiltonians vanish on V, which proves (C29) and (C30).
Every old anchored Wilson vector acquires only vacuum tensor factors, giving (C31). Vacuum
removal and Gram normalization commute with this tensor identification, proving (C32)
and (C33). Each added magnetic term contributes its vacuum expectation my,., which gives
(C34). The tensor-sum Hamiltonian preserves excitation patterns, so the old mixed block is
transported exactly and has no component into a newly created multi-excitation sector; this

proves (C35). O

10. Vacuum comparison, local representatives, and the raw chart

Restricting J,,,; to vacuum lines gives the canonical unitary correspondence
e Va BV 5 Vo (C36)
Consequently the declared physical overlap is exact:
UEyUss =1, [r=1] (C37)
Choosing temporarily a unit vector e € V gives the representative
rie (W) = T (¥ @ €F). (C38)
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Changing e by a phase changes this map by the corresponding central phase and leaves its
projective class fixed.
The traditional cylindrical chart obtained from the normalized trivial character yq is

retained only as a raw geometric coordinate map:

Int1a(¥) =¥ @ Xx0. (C39)
Let
co = || Pxol| = 0.986786015024. . ., €y = ||§)>§Z|| eV.
Then its vacuum compression is
Pvac,n+1]f§11,npvac,n = COJS?lpvac,n' (040)

Thus the polar factor of the raw cylindrical compression is precisely the unit-vector represen-
tative of the canonical correspondence J,.;. The number ¢y measures transversality of one

raw coordinate chart; it is not the overlap constant of a second physical refinement arrow.

Corollary C.7 (The three former maps are one bordism datum). Package restriction is the

intertwining action of J,.,, vacuum transport is its restriction UYY, and every strict or twisted

Hilbert-space comparison is a local lift JS, of that same correspondence. The xo-cylindrical

map is merely a raw chart whose physicalized polar factor is such a lift.

11. Canonical recursive extension of the complete package

The depth-n package extends to depth n 4+ 1 by:
(i) tensoring the Hilbert space with one new retained Wilson-character shell £C;
(ii) adding one copy of He and Hyag;
(iii) tensoring the complete vacuum projection with P;
(iv) adjoining one new anchored coefficient summand to €,;
(v) extending F!” by the new anchored local Wilson map;

(vi) extending the channel projection by one orthogonal local channel line;
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(vii) extending the ultraviolet sector by the new one-shell ultraviolet and all new multi-

excitation sectors.

Every old package component is recovered by the canonical correspondence of Section C9,

and the numerical profile (C22) is unchanged.

Theorem C.8 (End-to-end recursive physicalized realization). The separated-shell SU(2)

Wilson-character family

w hys hys
{Hna Hn7 EO,n: Pvac,na Fn ) Gn> FE, Y ) B pch,rm Pres,n: PUV,na Kn}

mag,n w1
forms a recursively extendable complete physicalized package. At every depth:

(i) the complete vacuum projection is P®™;

(ii) the Gram operator is exactly Golg, ;

(iii) the physical magnetic recompression is strictly positive;

(iv) the channel and ultraviolet diagonal bounds are uniform;

(v) the residual sector is empty and the channel-residual block vanishes;

(vi) the complete ultraviolet—infrared mized norm equals the one-shell norm;
(vii) the canonical vacuum-line bordism has exact overlap v, = 1;

(viii) the common Article-I threshold profile (C22) gives

H, > 0.24975(1 — Peacn);

(ix) the stronger direct tensor-sum estimate
H, > 3.093219423836 ... (I — Pese.n)

also holds.

Consequently, the canonical recursive extension is verified end to end for the complete
physicalized package in this calibrated family. This theorem constructs a specific fized-stratum
depth branch and makes no full-scale cofinality or universal surjectivity claim for restriction

maps on arbitrary good diagrams.
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Remark C.9 (Twisted scale-bordism handoff). The construction above fixes the complete
analytic package and the single canonical vacuum-line bordism correspondence whose vac-
uum restriction determines the projective comparisons. Appendix P pulls those compar-
isons through the nontrivial categorical central extension determined by the generator of
H3(BZs;U(1)) in the fixed center band. The resulting branch has the same finite package

and coercive profile, but no globally coherent center-band-preserving strict unitary lift.

Appendix D: Center-graded coefficient lines and higher vacuum transport
1. Purpose and corrected categorical level

Appendix O constructs the phase-free scale-bordism correspondence
Jn;k : Hn®V®k — Hn+k

that transports the complete recursively physicalized package. The twisted vacuum structure
is not a second family of refinement maps and is not a globally chosen family of ordinary
unitary lifts with scalar multiplication laws. It is the coefficient-line-valued higher composition
carried by the same bordisms before their one-dimensional coefficient lines are globally
trivialized.

The distinction is essential. If ordinary maps U, were globally chosen and satisfied
UpU, = vp oUs, strict associativity of operator multiplication would force dv = 1. A nontrivial
associator can therefore appear only while the coefficient lines, their parenthesizations, and

their local tensorators remain explicit.

Definition D.1 (Ambient coefficient-line correspondence bicategory). The higher transport
is interpreted in the bicategory HilbLineCorrg,. Its objects are finite Hilbert spaces. A one-
morphism H — K is a pair (L,U), where L is an invertible Hilbert line and U : H®L — K
is unitary. A two-morphism (L,U) = (L', U’) is a unitary line map ¢ : L — L’ satisfying

U'(In®q) = U.
Horizontal composition tensors the coefficient lines and composes the correspondences. Its
associator is the Hilbert tensor associator whiskered by the coefficient reassociator o!’. Thus

a central scalar on a coefficient line is a two-endomorphism of a composite correspondence; it

is not an equality between globally evaluated ordinary operators.
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2. Batch refinements and the canonical coefficient-line correspondence

Let Rp.; have objects n € N and arrows
Qe M — N+ K, k € Ny,
with the evident batch composition. The coefficient line of a,, is
L = V&5 (D1)
The invariant vacuum arrow is the restriction
o Vn®Lngk — Vogk (D2)

of Jy,.. It is unitary because both source and target are the complete tensor-product ground
sectors.
For composable arrows a = a,; and b = a,, 11y, ordinary tensor concatenation gives the
phase-free identity
Upe(Ue@ly, ) = Upe (I, &ms), ), (D3)

where mgya - L,®L, — L, is the strict tensor-concatenation unitary. Equation (D3) is

the underlying unmarked Hilbert identity. It does not by itself define the twisted higher

compositor.

Proposition D.2 (Exact phase-free pair composition). FEquation (D3) holds on the complete

vacuum sectors and is the vacuum restriction of the full-Hilbert-space identity in Appendiz O.

Proof. Both sides concatenate the same old-shell tensor with the same ordered list of new-shell

vacuum tensors. O

3. The center band and its pointed coefficient category

The fundamental Wilson character is center odd:

X1/2(—U) = —X1/2(U)-

Hence

\ans| = F € Zo. (D4)
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Let B be the pointed U(1)-banded coefficient category with simple grades g € Z,, strict
unit, and reassociator

th,k = Q(ga ha k)[ (D5)

9,

The strict branch uses 2y = 1. The twisted branch uses
O (g, b k) = (=1)72®R  Q(1,1,1) = —1. (D6)

Appendix H proves 6€2; = 1.

For a finite depth simplex Dy, pull B back along | - |. Its associator on i < j < k < £ is

~

Qn (i g, b, €) = Q| agel, il |ai;]). (D7)
A local coefficient-line lifting chart is a normalized two-cochain Ay satisfying
Aw(i, b, OAN (i, 3, k) = Qn (i, 4, b OAN G, 5, OAN (G K, £). (D8)
Equivalently, 0Ay = Qn. The rooted formula

1, i=0,

~

On(0,4,5,k), i>0

solves (D8). Thus every finite depth chart admits a strong monoidal trivialization of the

pulled-back coefficient lines, while no grade-only tensorator exists for €2;.

4. The induced associator as a coefficient-line two-cell

For three composable refinements a, b, ¢, the two parenthesized coefficient-line domains are
Vs(a) ® ((La®Lb) @LC)
and
Vs(a) ® (La®<Lb®Lc)> .

The comparison between them is the formal coefficient reassociator I ®a|%|7‘b‘7|a‘. Applying
the canonical vacuum correspondence to the two parenthesized domains produces a central
unitary two-cell between the two triple-composition pastings. It is not an equality of globally

evaluated ordinary maps.
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Theorem D.3 (Vacuum associator induced from the coefficient lines). The coefficient-line-

valued triple composition of the canonical vacuum bordisms has associator two-cell

c,b,a cha

ayy, = Ul o (I&afl ) = e, [8], |al) U (D10)

as a two-cell between the two parenthesized coefficient-line correspondences. No inverse of
the full isometry Jepa is used. After a local tensorator Ay is chosen, equation (D8) is exactly
the coherence law that turns this higher correspondence into an ordinary chartwise Hilbert

realization.

Proof. The phase-free tensor concatenations agree after the two source parenthesizations
are related by the standard Hilbert associator. The only additional two-cell in the banded
coefficient system is o, which is the central scalar Q(|c|, |b], |a|). Postcomposition with the
vacuum restriction of Ju, therefore gives (D10). On a finite lifting chart, the strong monoidal
functor with tensorator Ay converts the twisted coefficient parenthesization into the strict

one precisely when dAy = QN. O

Proposition D.4 (Odd triple reassociation). For three elementary shell insertions,

aly, =—1 (D11)
on the coefficient-line triple composite, because Q4(1,1,1) = —1.

5. Projective quotient and local Hilbert charts

Projectivizing the vacuum restriction of J,,.; gives

Frvac

Uns € PUV, Vigr)-
The phase-free identity implies

UniktUnite = Unigr- (D12)
Theorem D.5 (Coherence and local Hilbert realizability). The coefficient-line associators
satisfy the pentagon. On every finite depth simplex, the rooted tensorator An produces an
ordinary Hilbert realization of the higher vacuum transport. Different local tensorators are

related by one- and two-coherent coefficient-line gauges. The projective quotient remains the

strict batch-refinement category.
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Proof. The pentagon is 62y = 1. Local realizability follows from (D9) and (D8). The
transition hierarchy is the lifting two-groupoid of Appendix I; its object connectedness and
transition connectedness are proved explicitly in Theorem 1.5. Projectivization removes all

central coefficient-line two-cells. O

6. The band-local obstruction

A band-local global trivialization is, by Theorem F.7, a shell-local stationary coefficient-
monoidal tensorator and hence the pullback of a normalized A : Z2 — U(1). It would
satisfy

oA = Q.

But (dA)(1,1,1) =1 for every normalized A, whereas €;(1,1,1) = —1.

Theorem D.6 (Center-banded coefficient-line obstruction). The twisted coefficient-line
vacuum transport has no global trivialization whose tensorator factors through the fized Zo

band. Its banded class is
[Ql]band 75 0 1n HB(BZ2; U(l))

Nevertheless, every finite depth chart has an ordinary Hilbert realization through the arrow-

dependent tensorator Ay, which is background natural but not shell stationary.

Warning D.7 (Banded, not absolute, nontriviality). The depth nerve is contractible, so the
pullback of €2; admits arrow-dependent trivializations. The rooted trivialization depends
on the absolute base depth and fails shell stationarity. The obstruction is to one shell-local
stationary tensorator on the fixed center band. Repair IX.1 therefore produces a two-presheaf

of local Hilbert realizations rather than denying unbanded strictification.

7. Compatibility with the complete physicalized package

Theorem D.8 (End-to-end coefficient-line-valued twisted branch). The recursively physical-
ized SU(2) family of Theorem C.8 admits a twisted higher vacuum descent such that:

(i) every depth carries the complete physicalized package;
(ii) every invariant arrow is the vacuum restriction U : V) ® Ly — Vita);
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(iii) the coefficient-line associator is induced by the fized reassociator Qy and gives —I on

three odd insertions;
(iv) every finite depth chart has an ordinary Hilbert realization;
(v) no grade-only global tensorator trivializes the twisted coefficient law,
(vi) the projective transport, finite analytic profile, and both coercive bounds are unchanged.

Proof. Appendix O gives the finite package, the canonical correspondence, and the bounds.
The induced two-cell is Theorem D.3; local realizability and pentagon coherence are Theo-

rem D.5; the band-local obstruction is Theorem D.6; analytic invariance is Appendix R. [

With Qy = 1, the same correspondence has a global strict coefficient-line trivialization
and gives the control branch. With €2, the invariant finite arrows remain the same, but
their higher coefficient-line realization is the fibred descent object of Appendix V. The finite

Hamiltonian does not by itself choose between these two global coefficient laws.

Appendix E: Coefficient-line diagram-level vacuum type and inverse-system

stability
1. Purpose and corrected logical level

Vacuum reassociators are defined on composable triples of coefficient-line scale comparisons.
They are therefore invariants of coherent finite higher diagrams and compatible higher
pseudosections, not of isolated Hamiltonian packages. This appendix uses one formalism

throughout: the invariant arrow is
Uzac : Vs(a)®La — Vt(a)7

the coefficient lines and their multiplication remain explicit, and local ordinary Hilbert
realizations are organized by a lifting two-presheaf. No globally chosen ordinary unitary
lifts, scalar compositors, or scalar associator cells are included as independent finite-diagram
coordinates.

The underlying directed depth category has contractible nerve. Consequently, the pullback

of the cyclic cocycle to a finite rooted depth chart can be trivialized by an arrow-dependent
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tensorator. The nontrivial obstruction in this article is relative to the center-natural, shell-
local, translation-stationary, coefficient-monoidal equivalence category of Appendix F. The
characterization theorem there identifies those global higher gauges exactly with normalized
cochains on the fixed band Z,. This restriction is additional physical locality structure; it is

not inferred from center naturality alone.

2. Finite coefficient-line vacuum descent diagrams

Let D be a finite demand subcategory. A coefficient-line coherent vacuum diagram over

D consists of

’Dgc = ({Vx}xeDm {La}aeDn {mb,a}(b,a)€D27 Oé%, {Uzac}aeDl ’ T‘riVQD’ ’ ) |D’ B%) ’ (El)

where:
(i) V» = Ran Py, is the complete finite vacuum sector;
(ii) L, is the invertible coefficient line of the refinement arrow a, and
Mpg - Ly®Ly, — Lp,
is its coefficient multiplication;
(iii) a$} is the pulled-back reassociator, with component

OéQ = QD(‘dD? ’b‘Da ‘a|D)I7 5QD = 1) (EQ)

c,b,a

(iv) Uyae . Vs(a)@)La — Vo) is the vacuum restriction of the canonical scale-bordism

correspondence;

(v) |*|p : D — BZy is the shell-parity grade and B is the fixed pointed coefficient category

carrying that grade and reassociator;

(vi) Trivg, is the two-presheaf on root-preserving finite simplicial charts £ C N(D) whose
value is the lifting two-groupoid Trivg,,(£). Its objects are local tensorators A
with 0A = QD\ g, its one-morphisms are s-transitions, and its two-morphisms are

h-modifications.
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The projective comparisons Uzac are derived shadows of U}*; they are not substitutes for
the coefficient-line arrow data. Likewise, a chosen A is a local Hilbert chart, not an invariant

coordinate of D}°.

Definition E.1 (Band-local equivalence of coefficient-line diagrams). Two diagrams DY;°

and D% are band-locally equivalent when they are related by:

(i) objectwise vacuum unitaries extending naturally over the center-background groupoid;

(ii) a strong monoidal equivalence of coefficient systems whose tensorator is shell local,
translation stationary, and coefficient monoidal, hence is the pullback of a unique

normalized X : Z3 — U(1);

(iii) the induced two-natural equivalence between Trivg, and Trivg, , together with

compatible intertwining of the coefficient-line vacuum correspondences.
The reassociator representative changes by
O = (6MN)Qp.

Local k- and h-transitions inside one lifting two-presheaf are internal changes of Hilbert
chart. They do not change the coefficient law or its band class. Arbitrary depth-dependent
tensorators may be objects of a local lifting chart, but they are not global equivalences unless

they satisfy the shell-local conditions.

This is the equivalence relation relevant to center-graded reconstruction. Theorem F.9
derives the shell grade from the covariance of the actual center-twisted seed fibers and the
odd fundamental Wilson marking. Theorem F.7 then characterizes the permitted monoidal

transformations of the repeated-shell coefficient law.

3. Diagram-level induced vacuum type

Let £22°(®p) be the induced relative refinement-to-admissible class of the analytic bordism

diagram, and let [Q2p]pana be the band class of the coefficient reassociator. Define

Typey.(®p) = (£ (Dp), [2plband) - (E3)

No vacuum type is assigned to an isolated package, a projective shadow, or a chosen local

tensorator.
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Proposition E.2 (Representative invariance). The type (E3) is invariant under band-local

equivalence.

Proof. The relative component changes by a mapping-fiber coboundary. The monoidal
coefficient equivalence changes the reassociator by d\ for a normalized band cochain . The
induced two-natural equivalence of lifting presheaves changes only the choice of local Hilbert

charts. Hence both cohomology classes in (E3) are unchanged. O]

4. Restriction stability of the complete coefficient-line datum

Let i : D < D’ be an inclusion of finite demand diagrams. Restriction forgets data

outside D and acts on every surviving level:
resp p - D — DPC. (E4)

It restricts the vacuum sectors, coefficient lines, multiplication maps, reassociator, grade,
coefficient category, and vacuum correspondences. On local lifting data it is the root-

preserving cochain-restriction two-functor
r:[‘I‘iVQD, |D — T‘I‘iVQD . (E5)

Theorem E.3 (Restriction stability of coefficient-line vacuum type). Suppose D%¢ has

marked type v = (, [Qpana). Then
Typevac (I"GSD/7D @‘S/C) = UlD. (EG)

For a fized global band and relative marking, v|p denotes the same marked class represented

on the smaller diagram.

Proof. Restriction commutes with the mapping-fiber differential and with pullback of the
coefficient cocycle. It preserves the fixed grade functor and restricts the coefficient multipli-
cation and vacuum correspondences. Cochain restriction sends objects, one-morphisms, and
two-morphisms of each lifting two-groupoid to the corresponding data on the smaller chart.

Thus both type components and the attached higher-descent object restrict functorially. [

Corollary E.4 (No diagram-level type jumping). A compatible inverse system of coefficient-
line coherent diagrams cannot change from the trivial band class to [Q]pana, 07 between

distinct marked cyclic classes, under restriction.
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5. Fixed-type inverse systems

For a finite demand diagram D, let

X% odv {[@ch] : D9 is a good coefficient-line physical diagram and Type,,.(D}E°) = v D} :

(E7)
The brackets denote band-local equivalence classes of the full analytic and higher-descent
datum. Restriction is the map induced by (E4) together with restriction of the analytic

packages and bordisms.
Theorem E.5 (Directed fixed-type inverse-limit selection). Assume:

(i) the finite demand shapes form a directed poset under common finite extension and test

every finite part of the full scale category;

(ii) one finite good coefficient-line diagram of marked type v exists;

(iii) every X5°Y° is compact Hausdorff;
(iv) for every D C D', the full coefficient-line restriction map is continuous and surjective,

with the inverse-system identities.

Then

lim X5 # 2. (ES)
D€ETJgn

Fvery element is a full-scale cofinal physical higher pseudosection whose vacuum type is the

compatible coefficient-line class v.

Proof. Apply the finite-intersection argument of Theorem IV.5 to the fixed-type subsystem.
Directed common extension and the seed imply nonemptiness of every factor. In the compact
product, each full bonding equation is closed because the target is Hausdorff and restriction
is continuous. A common finite extension realizes any finite set of bonding equations. Type
preservation follows from Theorem E.3; it is not inserted as an objectwise label. No countable

cofinal chain and no scalar-cell replacement are used. O
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6. The explicit fixed-stratum recursive twisted type

For the recursively physicalized family of Appendices O and P, each finite depth diagram
inherits the shell-parity grade, coefficient lines, multiplication maps, canonical vacuum

correspondences, and the pulled-back reassociator

QD(97 h> k) = Ql(ga ha k), [Ql]band % 0. (Eg)

Its lifting two-presheaf is the one constructed in Appendix V. The relative component of the

separated-shell comparison system is chosen trivial, hence

Typeya.(®p) = (0, [Q]bana) (E10)

for every finite diagram in the fixed-stratum depth system.

Theorem E.6 (Banded obstruction theorem for the fixed-stratum depth family). The
recursive coefficient-line vacuum depth system admits no band-local global Hilbert trivialization.

Equivalently, there is no normalized \ : Z3 — U(1) satisfying
O =€)y (E11)

Its compatible diagram-level type is (0, [Q]pana), while its local lifting two-presheaf is nonempty
on every finite rooted depth chart.

Proof. For every normalized band cochain,
(ON)(1,1,1) =1,

whereas €2;(1,1,1) = —1. Thus the band class cannot be removed by an admissible global
coefficient tensorator. Local nonemptiness follows from the rooted tensorator of Appendix V,

and compatibility under restriction follows from Theorem E.3. O]

7. Why the band qualification is necessary

For the standard finite depth simplex with vertices 0 <1 < --- < N, write

~
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Define the arrow-dependent two-cochain

1, i =0,
Aij, k) = (E12)

Q(0,i,4,k), i>0.
Proposition E.7 (Explicit local trivialization on a finite depth simplex). The cochain (E12)

satisfies

SA = Q.

Hence it is an object of the local lifting two-groupoid Trivg, (Dy), and the pulled-back coefficient

law has an ordinary Hilbert realization on that finite chart.

Proof. 1f i > 0, the identity is the cocycle equation for € evaluated on (0,4,7,k,0). If i =0,

all terms except A(J, k, ¢) are normalized to one, and the same identity follows directly. [

Warning E.8 (Local lifting charts and band-local equivalences differ). The theorem above
does not assert nontriviality in the ordinary cohomology of the bare directed depth nerve.
That nerve is contractible. The rooted cochain is background natural but depends on the
absolute base depth and fails shell stationarity, as shown in Proposition F.8. It is therefore a
valid object of the local lifting two-presheaf but not a global monoidal equivalence of the

stationary repeated-shell coefficient law.

8. Unified output

The repaired logical chain is

complete physicalized finite diagram — canonical coefficient-line scale bordisms

— (E%, ﬁiVQD> — Typevac(QD) = (tvac [QD]band>~

sCc

The same object is used in the good-diagram loci, restriction maps, fixed-type inverse
systems, and explicit depth realization. Under the hypotheses of Theorem E.5, it passes to
a full cofinal inverse-limit higher pseudosection; in the explicit model it passes only to the
compatible fixed-stratum depth system. At no stage is the coefficient-line descent replaced

by an independent scalar-cell pseudosection.
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Appendix F: Center-background covariance and physical admissibility of the

band
1. Purpose and the correct symmetry statement

The four-character seed is not invariant under the center involution on a single fixed
magnetic-background fiber. Indeed, the fundamental Wilson multiplier is center odd. The
correct finite statement is therefore covariance over the two center-twisted background fibers,
not a false commutator relation on one Hamiltonian. This appendix constructs that back-
ground completion, proves equivariance of the complete physicalized package and of the
canonical scale-bordism correspondence, and uses it to define physical admissibility.

The original recursive branch is the untwisted-background fiber of this completion. Hence

none of its finite matrices or coercive constants is changed.

2. The center involution and the two seed fibers

On the retained character space K = span{xo, X1/2, X1, X3/2}, define the unitary center
involution

Zy; = ()%, Z=diag(l,~1,1,~1). (F1)

Let X be the compression of multiplication by the fundamental character, so that

1

H® =1--X.
mag 2
Then
ZH.Z = Hy, X7 =-X. (F2)
For € € Z,, define the center-background fiber
—1)e
H[E]:Hel+l—( 2) X. (F3)

Thus H is the seed Hamiltonian of Appendix A, whereas H!Y has the opposite fundamental

Wilson sign. Equation (F2) gives the exact covariance law

(ZHI7 — gl (F4)

Let Ey be the common ground energy and set
P9 =1p,(H), V4 =RanPl
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Functional calculus in (F4) yields

pletl =zpldz, 7.yl = plet], (F5)

3. Equivariance of the complete physicalized seed package

Let FW0 = FW be the Wilson channel of Appendix A and define
FWl = zepWlo], (F6)

Define T4, Gld, Fpysld the channel and ultraviolet projections, and the mixed block exactly

as in Appendix A, using the fiber Hl¢ and projection P!

Theorem F.1 (Center covariance of the complete seed package). For € € Zs,

it = z7ld. Gletll = glel, (F7)
Frhslerl] = 7 privsid, i =2p5z, (F8)
pi =27pllz, Kl = 7Kl7. (F9)

The physical magnetic recompression, every block lower bound, the mized-block norm, the

Gram bounds, and the coercive constant are identical in the two fibers.
Proof. Equations (F4), (F5), and (F6) give
([ . P[e-l—l})FW,[H—l] _ Z(I . P[s])FW,[e}

Taking adjoints proves equality of the Gram operators, after which the physicalized-channel
identity follows by functional calculus. All projections and mixed blocks are obtained
from these operators by products, adjoints, and spectral compression, so they transform by
conjugation. Unitary conjugation preserves spectra, singular values, norms, and quadratic

form lower bounds. O

4. The recursive center-background groupoid

At depth n, let



be the set of shellwise center backgrounds. For € = (€1, ..., €,), set

Hue =K, Hoe=) (H [fm])(m), Poe= & Plnl, (F10)
m=1

m=1
For m € (Z)", define
Z,=QZ™, mn-e=c+n
m=1

Then
ZyHyoZy' = Hype, ZyPoeZy" = Pope. (F11)

The anchored coefficient spaces and all remaining physicalized package components are
defined fiberwise as in Appendix C. Theorem F.1 tensorizes, so the complete recursive

package is a functor on the action groupoid

P [(Z2)".

All fibers carry the same quantitative profile and the same two coercive bounds.

For a refinement adding a background word 7 € (Z,)*, define
L. =yMNg...gplml
The canonical correspondence becomes
T8 M e®Lr — Hoghenr (F12)
It is the same tensor-concatenation correspondence as before.

Theorem F.2 (Center naturality of the canonical scale bordism). For n € (Zs)" and
0 c (Zg)k,

ZWGBGJZ;:I; = J:;cmﬂre <Zn®ZG|LT) . (F13)

The equality holds on the full correspondence domain and on the complete vacuum restriction.

Proof. Both sides apply the same tensor-factor center involutions and then concatenate the
same factors. Tensor concatenation is natural with respect to tensor products of unitaries.

Equation (F5) gives the vacuum restriction. O
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5. Why the refinement grade is physical

The elementary Wilson-shell bordism is marked by the fundamental Wilson multiplier X

on the newly added shell. Its center parity is the exact operator identity
ZX7'=-X. (F14)

Thus an elementary marked refinement has grade one. Tensor composition of k£ marked shell

refinements has grade

lank| =k € Zs. (F15)

This is the grade used in Appendix D. It is not inferred from a preferred vacuum vector.

Definition F.3 (Center-background-natural marked equivalence). A marked equivalence

between two recursive systems is a family of unitaries on every background fiber which:
(i) intertwines the complete physicalized package;
(ii) is natural for the background transformations Z,;
(iii) intertwines the canonical correspondences Jy7;
(iv) preserves the center parity of every marked Wilson-shell multiplier.

This definition concerns object and arrow data. It does not, by itself, restrict a scalar higher

gauge to depend only on the center grade.

Proposition F.4 (Invariance of the center grade). A center-background-natural marked
equivalence cannot convert an odd marked shell refinement into an even one. Consequently it

preserves the grade functor | - | : Rpay — Zo.

Proof. Let Y be a marked operator and suppose ZYZ™! = (—1)?Y. Naturality of a marked

unitary U with respect to the center action and intertwining of the marking give
ZoyuhYzZ)y'=uzZyzHut = (-1)wyu .

Hence the parity ¢ is invariant. Apply this to Y = X, for which ¢ = 1 by (F14), and use

additivity under tensor composition. O]
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6. Shell-local, stationary higher equivalence

Center-background naturality preserves the grade, but it does not force a scalar higher
gauge to be grade only. The additional restriction used in this article is a locality and
stationarity condition on binary shell junctions. It is stated separately so that no implication
from center naturality alone is asserted.

Write a,.;, : n — n + k for the batch bordism adding % identical separated Wilson shells.

A normalized scalar higher gauge on composable batch arrows is a family

An%’ﬁf € U(1)> (an;kza an—i—k;é),
with An;0,€ = An;k,O =1.

Definition F.5 (Shell-local stationary coefficient-monoidal gauge). A normalized scalar

higher gauge A is physically local at the shell junction if:
(i) it is independent of the center-background word and hence is natural under every Z,;

(ii) it is stationary under insertion of a common prefix of separated shells,

An—l—r;k,Z = An;k,ﬁ; (F16)

(iii) it respects the canonical neutral-pair identifications in the fixed coefficient band,
An;k‘-‘,—Q,E = An;k,€7 An;k,ﬂ—f—Z = An;k,€~ (F17)

Condition (F16) says that a local junction gauge cannot depend on the absolute depth at
which two identical shell bordisms are composed. Condition (F17) says that adjoining a
canonically center-neutral pair, whose coefficient object is identified with the tensor unit,

cannot change that local gauge.

Remark F.6 (Coefficient locality does not erase physical shells). The neutral-pair condition
concerns only the scalar automorphism of the coefficient-line multiplication. It does not
identify the physical bordism J,.» with an identity arrow, remove its Hamiltonian factors,
or alter any finite package. Those data remain in the scale-bordism correspondence. The
condition says only that a local gauge of the fixed Zs coefficient law cannot distinguish two

coefficient objects that are canonically identified in that law.
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The two requirements are the discrete separated-shell form of locality, translation station-
arity, and monoidality under disjoint shell union. They exclude phases that use the global

history of the exhaustion rather than the coefficient objects meeting at the junction.

Theorem F.7 (Characterization of physically local higher gauges). For a normalized scalar

higher gauge A, the following are equivalent:

(i) A is shell-local, stationary, and coefficient-monoidal in the sense of Definition F.5;

(ii) there is a unique normalized cochain X : Z3 — U(1) such that
Ao = MO k) (F18)
for every n, k, (.

Thus the physically local higher gauges are exactly the pullbacks of normalized cochains on

the fized coefficient band.

Proof. Stationarity removes the dependence on n. The two neutral-pair identities then reduce

k and ¢ independently modulo two. Hence
)\(?, E) = AO;k,é

is well defined, normalized, unique, and gives (F18). Conversely, every pullback of a
normalized band cochain is background independent, stationary in n, and unchanged when

either shell count is increased by two. O

Proposition F.8 (The rooted contraction is nonlocal in shell depth). The arrow-dependent
contracting cochain of Proposition E.7 is background natural but is not shell stationary. In

particular, for two successive elementary odd shells,
AL =1 A =1L = L (F19)

Therefore it is a valid local chart trivialization of the bare depth simplex, but not an admissible

higher equivalence of the stationary shell coefficient law.

Proof. The first equality is the rooted normalization at the initial object. For a junction based
at depth one, formula (E12) evaluates the pulled-back cocycle on the three odd increments
0 —1— 2 — 3, giving —1. The cochain is scalar and background independent, so this
example also shows explicitly that center-background naturality alone does not imply band

locality. O]
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Theorem F.9 (Physical admissibility of the center band). The center parity of the fundamen-
tal Wilson marking supplies an invariant Zs grade on the recursive shell bordisms. If higher
equivalences are additionally required to be shell-local, stationary, and coefficient-monoidal,

then:
(i) object and arrow equivalences preserve the grade functor;
(ii) admissible scalar higher gauges are exactly normalized band cochains;

(iii) the rooted arrow-dependent contraction does not define an admissible global higher

equivalence, although it remains available on each unbanded finite lifting chart.

Consequently Q4 ]pana @s intrinsic relative to this declared center-natural and shell-local higher-

equivalence category.

Proof. Part (i) is Proposition F.4. Part (ii) is Theorem F.7. Part (iii) is Proposition F.8.
The remaining obstruction is therefore exactly the banded cohomology class computed in

Appendices D and E. O]

7. Scope of the result

The grade is forced by the genuine center parity of the marked Wilson shell. The restriction
on higher gauges is a separate locality, stationarity, and coefficient-monoidality requirement;
it is not a consequence of center covariance alone. This distinction is essential. If that
higher-locality requirement is deliberately forgotten, the rooted contracting cochains strictify
every finite depth simplex.

The theorem does not claim that the objectwise finite Hamiltonian selects the nontrivial
reassociator €2 rather than the strict law §2g. Those are two distinct global coefficient laws
for the same finite analytic family.

The construction is the pure SU(2) prototype. Incorporating Standard Model matter
requires replacing the isolated center band by the appropriate diagonal subgroup of SU(3) x
SU(2) x U(1) that acts trivially on the chosen matter representations. No such full matter-

coupled extension is asserted here.
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Appendix G: Central-twist invariance of the complete physicalized package
1. Purpose and scope

Appendices O—Q construct two center-banded realizations of the same recursively phys-
icalized SU(2) family: the strict control and the nontrivial coefficient reassociation whose
induced vacuum associator has class [€2]pana. This appendix proves that the central asso-
ciator changes only the higher scale-gluing data. It does not change any objectwise finite
Hamiltonian, physicalized Wilson channel, Gram operator, magnetic recompression, diagonal
block, mixed block, vacuum-overlap singular value, or coercive constant.

The statement is exact for the displayed family and, more generally, for any change of
scale lift by unit-modulus central factors. It does not assert that an arbitrary noncentral
categorical deformation is analytically invisible, nor that microscopic dynamics selects one

central extension over another.

2. The objectwise package

At depth n, write the complete physicalized package as

mag,n’

fﬂpn = (Hn, EO,n» PV&C,TM FnW7 Tm Gn’ thysj Bphys Pch,n» Pres,na PUV,m Kn) . (Gl)

Let
65tr and 6tw

denote respectively the strict control and the center-banded twisted lift of Appendix P. By
construction, they have the same objects and the same projective scale comparisons. Their
only difference is the reassociation law of the center-graded coefficient lines and the vacuum

associator induced from it by triple composition of the same canonical bordisms.

Proposition G.1 (Exact objectwise identity). For every depth n,

T =% =P (G2)
In particular,
HY = H, PR, =P, KN =K
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Proof. The banded coefficient reassociation of Appendix P modifies neither the depth objects
nor the finite operators attached to them. It modifies only the higher reassociation cell
induced when the same projective scale comparisons are composed threefold. Every entry of
(G1) is defined from the objectwise Hamiltonian, complete ground projection, raw Wilson
map, and their finite compressions. These data are identical in the strict and twisted

realizations. N

3. Unitary covariance of physicalization

The preceding proposition is already sufficient for the displayed family. The following
covariance statement shows that even local changes of coefficient chart or central phase
cannot alter the quantitative profile.

Let & be a finite coefficient space, let
FV.¢ — N, T = (I — Pue)FY, G =TT,
and assume G > 0. For a unitary W € U(€&), define
YV = F"w.
Lemma G.2 (Coefficient-unitary covariance). The transformed physicalization satisfies

T=TWw, G=W*'GW,  FP» — pphwspy, (G3)

Consequently,
Py, = FPM3(FPY)* = Py, (G4)

For every self-adjoint finite operator B,
(FPR2)* BFPY® = W*(FP™°)* BEPSIY. (G5)
Hence all spectral lower bounds of the recompressed operator are unchanged.
Proof. The first two identities are immediate. Functional calculus gives
(W*GW)~Y2 = W*G=2Ww,

and therefore

FPYs — TW(W*GW) Y2 = TG~Y2W = FPhvsyy,

The remaining statements follow by direct substitution. O]
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Corollary G.3 (Central phase invariance). If W = zI with |z| =1, then
G=G,  Po=Pa,

and every coefficient-space recompression is unitarily identical to the original one. In a

one-dimensional coefficient channel it is numerically identical.

4. Vacuum comparison and overlap invariance

Let a : © — y be a scale arrow. On a finite lifting chart, the strict and twisted vacuum

lifts differ by a central phase:
Ut — o, U 2, € U(1). (G6)
The compressed comparison obeys the same relation,
C;/ac,tw _ ZaC;zac,str_
Proposition G.4 (Exact overlap invariance). For every scale arrow,
(O;zac,tw)*c«;zac,tw _ (Cgac,str)*c;/ac,str' (G7)

Thus the complete singular-value lists and every uniform vacuum-overlap lower bound are

identical in the strict and twisted branches.
Proof. The phase cancels between the adjoint and the comparison. O]

For the end-to-end family,

v =5 =1, (G8)

5. Analytic defect covariance

The central extension also leaves the analytic curvature norms unchanged. Work on a
finite lifting chart and write

T = 2, T5.
For a composable pair (b, a), choose the comparison lift in the twisted chart as

Utw — Zba Ustr (Gg)

Xb,a sza Xb,a
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This is exactly the central adjustment required to compare two lifts of the same projective

composite.
Proposition G.5 (Phase covariance of analytic refinement defects). Let
O = U T TS - T

Then

D = 20aDjg- (G10)

Consequently,
1Dl = 1Dyl (G11)

The analytic part of the renormalization curvature is therefore identical in the two central

lifts.

Proof. Substitution of (G9) gives

Zb

tw a str str str str

Qb,a - 22 UXb’a(szb )(ZCLTa )_ZbaTba
a

str
— Zbag b,a .

Since |zpe| = 1, the norm is unchanged. O

Remark G.6 (What can change in the total curvature). The equality above concerns the
analytic defect contribution. A declared total curvature functional may assign a separate
positive cost to nontrivial central compositors or associators. Therefore the strict and twisted
branches can have identical analytic curvature and different higher-coherence costs. This
difference is a property of the chosen branch-cost functional, not of the finite Hamiltonian

spectrum.

6. Invariance of the full quantitative profile
Let
g« = (g*, G*7 Cch %) Cres, ) CUV x5 Esr x5 Emix,xy Psr,xy P V*)
be the common profile of Appendix O.
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Theorem G.7 (Central-twist invariance of the complete physicalized profile). For the strict

control and the nontrivial center-banded twisted realization of the end-to-end recursive family,

Q)" =q" =q.. (G12)

More explicitly, at every depth:

(i) the Gram spectra are identical;
(ii) the physical magnetic recompressions are identical up to coefficient unitary conjugacy;
(iii) the channel, residual, and ultraviolet projections are identical;
(iv) the channel, residual, and ultraviolet lower bounds are identical;
(v) the complete mized blocks and their norms are identical;
(vi) the vacuum-overlap singular values are identical;

(vii) the analytic refinement-defect norms are identical.

Therefore both branches satisfy

H, > 0.24975(1 — Peyc.n) (G13)

and the stronger direct estimate

H, > 3.093219423836 ... (I — Pycn) (G14)

for every n.

Proof. The objectwise identities follow from Theorem G.1. Coefficient-chart covariance is
Theorem G.2; overlap invariance is Theorem G.4; analytic defect covariance is Theorem G.5.

The package and direct lower bounds are those of Theorem C.8. O]

Corollary G.8 (Two end-to-end fixed-stratum depth globalizations with one analytic
package). The recursively physicalized family has:

(i) a strict center-banded control depth globalization;
(ii) a non-strictifiable center-banded twisted depth globalization of diagram-level type

(O, [Ql]band);

(iii) one common complete physicalized package and one common positive coercive profile.

The two branches differ only in their global banded lifting data.
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7. Finite spectral invisibility of the central extension

Theorem G.9 (No objectwise spectral discriminator). Let ® be any invariant determined

solely by the objectwise finite physicalized packages {8, }. Then
P(G™) = o(&™). (G15)

In particular, finite spectra, ground ranks, finite spectral gaps, Gram condition numbers,
physical magnetic eigenvalues, block constants, and mixed norms cannot distinguish the strict

and twisted lifts.
Proof. The two inputs to ® are identical by Theorem G.1. m

Warning G.10 (No microscopic selection theorem). The theorem above has a two-sided
interpretation. It proves that the central associator cannot destroy the finite physicalized
estimates. It also proves that the finite Hamiltonians of the displayed model do not select
the twisted extension uniquely. Any such selection must use additional scale-sensitive or

global information beyond the objectwise finite spectra.

8. Stability under common objectwise perturbations

Suppose the same finite perturbation family B,, is applied to both central lifts, and suppose
the hypotheses of Appendix M preserve the exact moved vacuum sectors and the complete
physicalized package. Since central phases still commute with all objectwise operators,
every statement of this appendix continues to hold with H,, replaced by H, + B,,. Thus
central-twist invariance is compatible with the moving-vacuum stability theory whenever the

same objectwise perturbation is used in both branches.

9. Final conclusion

The repaired constructive statement is therefore stronger than coexistence of an analytic
example and a separate cocycle example. The same recursive physicalized Wilson-character
family supports both the strict and the nontrivial center-banded twisted scale-bordism
realization, and the complete finite coercive profile survives the twist exactly. The associator

is analytically invisible objectwise but remains globally visible in the banded vacuum descent.
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Appendix H: Strict trivial-cocycle control and paired banded globalizations
1. Purpose

This appendix constructs the trivial-reassociation control of the same recursive physicalized
family and proves complete strictification in the fixed normalized Zs band. It introduces no

second Hamiltonian model.

2. A global strict representative

Let

VY = Ran P?)

vac

be the one-shell vacuum line and

V, = Ve,
Choose temporarily a unit vector e € V. For the batch arrow a,.; : n — n + k, define
Jg;k : Vi — Vatk, Jrezk(f) =Jnk(§® €®k)- (H1)
Set JfL,O — '[V’IL'

Proposition H.1 (Exact strict composition). For all k,¢ > 0,

S—l—k;l‘]s;k = Ji;k—i—é' (H2)
Moreover, the projective class of Jy.,. is the canonical comparison U:La; of Appendix P.

Proof. For € € V,,

T i = (@)@ =@ B0t
The projective statement follows because the nonzero maps between two one-dimensional
Hilbert spaces form one projective class. O
Thus the vacuum lines admit a strict unitary comparison functor after one phase convention

has been chosen.
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3. The phase convention is gauge, not vacuum data

If ¢/ = ze, then ijk = 2K g, With W, (2) = 2"y,

Proposition H.2 (Gauge equivalence of strict representatives).

!

rez;k - WTH-k(Z)‘]e;kWn(Z)_I'

n

Hence the chosen unit section supplies only a representative; the invariant vacuum datum is

the spectral line V, not a distinguished vector.

Proof. The right side is 2" %27 J¢, = 2FJ¢,. O

4. The trivial center-banded extension

Let
Qo(g, h, k) =1 (g, h, ke Zg) (H3)

The corresponding skeletal banded category Z$ has the same objects, central automorphisms,
tensor product, and strict unit as the extension in Appendix P, but its associator is the
identity. Pulling this band along the shell-parity grade produces the strict scale-bordism

category

Qo
SRba‘c .

Theorem H.3 (End-to-end strict recursively physicalized branch). The recursively physical-
ized family of Appendix O admits a global strict center-banded realization over 9%{,{;; with the

following properties:
(i) dts vacuum comparisons are the maps Jy,, of (H1);
(ii) they compose strictly as in (H2);
iii) every vacuum compositor and associator is the identity;
1 d jator is the identit

(iv) dts diagram-level vacuum type is

Typeyae (D) = (0, [Qo]pana) = (0,0) (H4)

for every finite demand diagram D;

80



(v) it carries exactly the complete physicalized package and uniform bounds of Appendiz O.

In particular,

H, > 0.24975(I — Prye.n) (H5)

and

H, > 3.093219423836 . .. (I — Peacn) (H6)

for every depth n.

Proof. Strict composition is Theorem H.1. The trivial associator satisfies the pentagon
identically. The relative component is the same trivial separated- shell component used in
Appendix Q, while the banded associator class is zero, which proves (H4). The complete
physicalized package and both lower bounds are those of Theorem C.8; they are independent
of the chosen phase convention by Theorem H.2 and Appendix R. O]

5. Strictification completeness in the fixed Z, band

We restrict to the canonical rank-one vacuum system of this article: the objects are V,,,
the projective arrows are induced by J,.;, the relative scale class vanishes, and all scalar
gauges are shell local, translation stationary, coefficient monoidal, and natural over the

center-background completion. For normalized cochains set

(0p)(h, g) = p(h)p(g)(h +g)~", (H7)
A, )Nk, o+ g)

(0A)(k, b, 9) = ME + h, )Mk, )

(H8)

Lemma H.4 (Normalized Z cochains). Every normalized 2-cochain A on Zq satisfies OX = 1.
Every normalized 2-cocycle B is a coboundary: if ¢ = $(1,1), choose r* = q, put u(0) =1,
w(l) =r, and then dp = .

Proof. Normalization leaves only the value at (1,1). At the only nonautomatic triple,
(SA)(1,1,1) = A(1, )A(1,0)[A(0, DA(1, 1)]F = 1.
The second assertion follows from (du)(1,1) = r? = ¢q. Hence, for normalized representatives,
[Qpana =0 = Q=1 (H9)
O
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After € is trivial, write the residual local composition on the unique batch arrows
Qi j: T — ] as

Uj7kUiJ = 5(1{:7 ja Z)Ul,k (HlO)

The ordinary cocycle equation on 0 — ¢ — 7 — k is

Bk, j,1)B(k,i,0) = B(j,1,0)5(k, 5,0). (H11)

Define the center-background-natural scalar arrow gauge

r(i,j) = B(j,1,0)™" (H12)

(with normalized identity values) and set U; ; = r(i, j)U; ;. Equation (H11) gives U}, U; ; =
i x- This gauge changes only local compositors; it does not change the coefficient band or

its associator class.

Theorem H.5 (Strictification completeness for the canonical Zy-banded vacuum system).
For the canonical constant-rank coefficient-line vacuum descent system in the fized normalized

Zo band, the following are equivalent:
(1) [Q]band =0,
(ii) an ordinary center-background-natural Hilbert descent exists;

(iii) the higher descent two-presheaf has a band-local global section equivalent to the strict

control constructed from Jp .
The only alternative class is [Q4]pana 7 0, for which no such strictification exists.

Proof. By Theorem H.4, (i) gives 2 = 1; the explicit contraction above then gives strict
lifts, proving (ii). Write those lifts as U} ; = p(i, j)J£;_;. Strict composition implies p(i, k) =
p(4,k)p(i,5). With w; = p(0,i), one has p(i,j) = wjw; "', so the center-natural object
unitaries W; = w; [, satisty

! e —1

Uij = Widi-iWi
Thus (ii) implies (iii), while (iii) implies (ii). Any strict descent has identity associator,
so (ii) implies (i). Finally, H*(BZy;U(1)) & Zs, and the nonzero class is excluded by

Theorem 1.11. O
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6. The strict and twisted globalizations

Let
GStr and Gtw

denote the strict realization of Theorem H.3 and the twisted realization of Theorem D.8.
They have the same depth objects, the same canonical pairwise bordism correspondences,
the same canonical projective comparisons, and the same complete objectwise physicalized

package. Their banded types are
Typey,.(&™) = (0,0),  Type (&™) = (0, [Q1]pana) (H13)

Theorem H.6 (Inequivalence of the paired banded globalizations). The strict and
twisted coefficient-module realizations are not equivalent through any admissible center-
band-preserving pseudonatural equivalence. Their unbanded projective quotients are identical,

but their banded associator classes are distinct.

Proof. A band-preserving equivalence changes the associator by the coboundary of a normal-
ized band 2-cochain and therefore preserves its class in H3(BZy; U(1)). The strict class is zero,
while [©]pana 7 0 by Theorem E.6. Hence no such equivalence exists. Both classes become

invisible after passage to the projective quotient, which is the strict category Rpas. [

7. What the paired theorem does and does not select

Theorem H.7 (Paired-globalization theorem). One complete recursively physicalized SU(2)

family admits two inequivalent center-banded fixed-stratum depth globalizations:

S of type (0,0), S™  of type (0, [Q]band)- (H14)

They have identical objectwise finite packages, identical projective transport, identical analytic
defect norms, and identical uniform coercive constants, but they are inequivalent in the

center-banded scale-bordism category.

Proof. Existence of the two branches is Theorems D.8 and H.3. Objectwise and analytic

equality is Theorem G.7. Banded inequivalence is Theorem H.6. O
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The theorem proves existence and persistence of both globalizations. It does not prove
that the finite Hamiltonian dynamically chooses one of them. By Theorem G.9, no invariant
depending only on the objectwise physicalized packages can do so. Any selection between the

two must therefore use additional global, band-sensitive, boundary, or reconstruction data.

Appendix I: Coefficient-line-valued higher Hilbert descent and the

reconstruction obstruction
1. Why global ordinary lifts are not the twisted object

The twisted vacuum datum must retain its coefficient lines. It cannot be encoded by
globally chosen ordinary unitaries satisfying U,U, = vy Us, together with a nontrivial scalar
associator. Ordinary operator multiplication is strictly associative and would force dv =1,
hence a trivial associator. The correct object is therefore a higher descent system of local
Hilbert realizations of the coefficient-line category, not one global tuple of ordinary lifted
maps.

Let Dy be the rooted finite depth simplex with objects 0 < 1 < --- < N, and let

a;j : © — j denote its unique arrow. The center grade is
]aij| :j —1 € ZQ.

Pull the pointed coefficient category B of Appendix D back along this grade. The resulting
coefficient-line system

Ly =1-pB*
assigns a formal invertible line L;; to every arrow and has reassociator

~

Qp(i, J, k, €) = Q| awel, [azel, [ai;])- (11)
The line parenthesizations are part of the datum and are not replaced by chosen global unit

vectors.

2. The lifting two-groupoid and its rooted contractions

A rooted finite simplicial chart F is a finite ordered simplex together with its distinguished

least vertex r = r(FE). Morphisms of rooted charts are root-preserving face inclusions.
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Cochains below are multiplicative and normalized: identity or degenerate values are one, and

a normalized zero-cochain satisfies h(r) = 1.

Definition I.1 (Coefficient-line lifting two-groupoid). For a rooted finite simplicial chart E,

let Trivg(E) be the normalized two-groupoid whose:

(i) objects are normalized arrow-dependent two-cochains A satisfying

SA = Qp; (12)

(ii) one-morphisms k : A — A’ are normalized arrow one-cochains satisfying

N = (6K)A; (13)

(iii) two-morphisms h : k = k' are normalized object zero-cochains satisfying

k' = (0h)k. (14)
The differential conventions are
pyo k)
6.5 = ()
Gh)G, ) = 2. (16)

h(i)

For a two-cochain ¢,
c(i, k, 0)c(i, j, k)
c(i, 4, 0)c(j, k, €)

In indices, (12) is the module-pentagon equation

(0¢) (i, j, k, €) =

A, k, O)AG, §, k) = Qp(i, j, k, OAG, §, A, k, 0). (I8)

Proposition 1.2 (Local coefficient-line trivializations exist). For every finite depth simplex
Dy and for Q € {Qo, 1},
Trivg(Dy) # @.

For €y, one may take the rooted cochain

o 1, 1 =0,
AN(Zajak): N

Qn(0,4,5,k), i>0.
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Proof. For g, take A = 1. For €y, the cocycle identity evaluated on (0,1, j, k,¢) gives
ANy = QN, exactly as in Proposition E.7. O]

Proposition 1.3 (Explicit connectedness of lifting objects). Let E be a rooted finite simplex

and let A, N € Trivg(E). Put
N'(i, j, k)
A, g, k)

Then dc = 1, and the normalized rooted one-cochain

c(i, g, k) =

1, 1=r,
kais]) = (19)

c(ryi,j)™, r<i<jy

satisfies

A/ == (5HA,A’)A-
Consequently any two objects of Trivg(FE) are joined by a one-morphism.

Proof. Since §A' = 6\ = Qp, multiplicativity of the differential gives dc = 1. If ¢ = r, then
(08)(r, j, k) = w(r, k) [K(r, 5)R (5, K)| ™1 = c(r, 5, k).

For r < i < j < k, the cocycle equation (dc)(r,1,j,k) = 1 gives

c(r, g, k)e(r,i,7)
c(r,i k) ’

c(i,j, k) =
Substitution of (19) into (I5) yields exactly this value. Thus éx = ¢, proving the assertion. [

Proposition 1.4 (Explicit connectedness of transition groupoids). Let k, k" : A — A be

parallel one-morphisms in Triva(E), and put

R0, 5)
k(i 5)

q(i, j) =
Then g = 1. The normalized rooted zero-cochain
P (1) = 1, P (1) = q(r,i) (i >71) (110)

satisfies

K = (0N o) K-
It is the unique normalized two-morphism from k to K'.
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Proof. The two transition equations imply dg = 1. On r < i < j, this says

q(r,j) = q(r,i)q(i, j).

Hence

(6R)(i,§) = Z((Z)) = Z((Z Z)) = q(i, ),

and the same formula is immediate when i = r. If A’ is another normalized solution, then

h'/h is constant on the connected vertex set and equals one at r; therefore b’ = h. O

Theorem 1.5 (Contractibility of each finite lifting two-groupoid). For every rooted finite
depth simplex E, the two-groupoid Trivg(E) is nonempty and biequivalent to the terminal
two-groupoid. Equivalently, it is connected on objects, every transition groupoid is connected,

and normalized parallel transitions admit a unique modification.

Proof. Nonemptiness is Proposition 1.2 after relabeling the root. Object connectedness is

Proposition 1.3; connectedness and uniqueness in each hom-groupoid are Proposition [.4. [

Proposition 1.6 (Strict restriction two-presheaf). For each finite demand diagram D,

root-preserving face restriction defines a strict contravariant two-functor
Trivg, : Chart.(D)® — 2Gpd, E — Trivg, |, (E). (I11)
It restricts A, k, and h pointwise and satisfies the identity and composition laws on the nose.

Proof. Cochain restriction commutes with J, preserves the distinguished root and all normal-
ization conditions, and is compatible with pointwise multiplication. Therefore it preserves

objects, one-morphisms, two-morphisms, and both levels of composition strictly. O

Warning 1.7 (No stack or gerbe theorem is asserted). Equation (I11) defines a locally nonempty
and locally contractible two-presheaf on the declared category of rooted finite charts. No
Grothendieck topology, effective two-descent theorem, stackification, or continuum gerbe is
constructed in this article. Those additional steps belong to the later continuum reconstruction

problem.
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3. Local Hilbert realizations with coefficient lines retained

The vacuum restriction of the canonical scale bordism is the unitary correspondence
U : Vi®Li; — V). (112)

This is the invariant arrow datum. No unit vector in L;; is part of (112).

An object A € Trivg(E) determines a strong coefficient-line trivialization
Ty : L% — LY (113)

that is the identity on the underlying formal lines and whose tensorator on a composable pair is
A. Equation (I2) is precisely the coherence equation making T strong monoidal. Composing
Ty with the phase-free vacuum restrictions of J gives an ordinary Hilbert realization on the
chart:

9 = Jg< o Ty, (114)

In this chartwise realization the ordinary Hilbert maps compose strictly. The nontrivial
associator has not disappeared; it is stored in the tensorator of T and therefore in the
transition data between different lifting charts.

If Kk : A — A/, then k defines a monoidal natural equivalence
TA — TA/

and hence a unitary equivalence

¢, : .6% — ﬁg.
A two-morphism h : kK = k' gives the corresponding central modification &, = €,,. Proposi-
tions .3 and 1.4 prove that all chartwise Hilbert realizations and their transition choices are

coherently related.

Definition 1.8 (Coefficient-line-valued higher vacuum descent two-presheaf). The coefficient-

line-valued higher vacuum descent two-presheaf of class [Q]pana 1S
Vacily, : B {9} : A € Trivo(E)}, (115)

equipped with the transition equivalences €,, their central modifications, and the strict
restriction two-functors. It is a locally nonempty and locally contractible two-presheaf of

ordinary Hilbert realizations of the formal coefficient-line system.
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Theorem 1.9 (Existence and local contractibility of twisted higher Hilbert descent). The
canonical vacuum-line scale bordisms of Appendiz O and the coefficient system B determine
the two-presheaf Vac%illb. FEvery finite rooted depth chart has an ordinary Hilbert realiza-
tion; any two realizations are joined by an explicit unitary transition, and any two parallel

transitions are joined by a unique normalized central modification.

Proof. Nonemptiness is Proposition 1.2. The canonical vacuum restrictions supply the strict
realization of £Y%, and composition with T gives (I14). The rooted formulas (I19) and (110)
give the transition and modification claims. Proposition 1.6 gives strict compatibility under

root-preserving restriction. O

4. Obstruction to a band-local global Hilbert trivialization

Definition 1.10 (Band-local ordinary vacuum descent). A band-local ordinary vacuum
descent is a compatible global choice in Vaciy,, whose coefficient-line trivialization is shell
local, translation stationary, and coefficient monoidal. By Theorem F.7, this is equivalent to

factorization through the fixed grade: there is a normalized X : Z2 — U(1) such that
A(i, g, k) = Majil, lai;])

on every finite chart. Equivalently, the twisted coefficient law is removed by one normalized

tensorator on the fixed center band before the Hilbert maps are evaluated.

Theorem I.11 (Higher Hilbert reconstruction obstruction). For the twisted recursive branch:
(i) the locally nonempty and locally contractible higher descent two-presheaf Vacily, exists;
(ii) 4t has no band-local ordinary vacuum descent;

(iil) its obstruction is exactly

[Ql]band 7£ 0 n HB(BZQ; U(l))

Proof. Part (i) is Theorem 1.9. By Theorem F.7, a shell-local stationary global trivialization
would supply a normalized band two-cochain A with d\ = €. Every normalized X satisfies
(0A)(1,1,1) = 1, while €;(1,1,1) = —1. Hence such a trivialization does not exist, proving
(if) and (iii). O
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Corollary 1.12 (Local rank one does not give a band-local global vacuum line). Although
every V, is one dimensional, the twisted system has no single shell-local stationary choice of
coefficient-line trivializations that glues all local vacuum lines into an ordinary strict vacuum

line. Its invariant finite-chart datum is the higher descent two-presheaf Vacﬁillb.

Warning 1.13 (Unbanded and band-local statements differ). The rooted depth nerve is
contractible. The arrow-dependent cochains Ay therefore provide ordinary Hilbert realizations
on finite charts. They are background natural but fail shell stationarity, so they do not define
global equivalences of the stationary repeated-shell coefficient law. The theorem obstructs a
single trivialization descending from the fixed coefficient band; it does not deny unmarked

strictification of the depth category.

5. Compatibility with the finite package and continuum handoff

Every local realization uses the same objectwise Hamiltonians, complete ground projections,
Wilson channels, Gram operators, magnetic recompressions, and mixed blocks. Transitions

in Trivo(E) act only on coefficient-line trivializations. Hence the two coercive bounds remain
H, > 0.24975(1 — Peyc.n)

and

H, > 3.093219423836 .. . (I — Pac.n)-

Theorem 1.14 (Strict/twisted reconstruction alternative). Within the fixed normalized Zs

coefficient band:

(i) if [bana = 0, the higher descent two-presheaf has a band-local global section and is

equivalent to the explicit strict control of Appendiz S;

(ii) if [Qbana = [Q1]pana # 0, no band-local global section exists, while the coefficient-line-
valued higher Hilbert descent two-presheaf Vacﬁillb exists and is locally nonempty and

locally contractible on every finite depth chart.
The two alternatives have identical complete finite analytic shadows.

Proof. The zero-class statement is Theorem H.5. The nonzero statement is Theorem 1.11.

Finite-shadow equality is Appendices R and T. O]
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The explicit twisted datum passed forward as a fixed-stratum witness is

@H\:Uo = (mgépth(ao), {Hna Hna Pvac,n7 mn}a {Ja}7 Vacﬁjlltn [AQ 7_]ref/adma [Ql]banda Qs ﬁ*) :
(116)

This is a fixed-stratum finite-depth higher descent object, not a full-scale cofinal system and
not a continuum vacuum. A later theorem must extend or reconstruct compatible data along
a genuinely cofinal multiparameter family, including tube thinning and cutoff removal, then
establish effective two-descent or stackification for the limiting chart system, construct a
limit of the local Hilbert realizations, prove analytic convergence, and prove no leakage of
the uniform threshold. If the abstract full-scale extension hypotheses are verified with the
same coefficient law, the analogous handoff replaces Raepen(00) by the resulting Reor; that

transfer is conditional and is not established by the tensor-depth witness alone.

Appendix J: Spectral indistinguishability of banded globalizations

The strict and twisted branches are inequivalent in the center-banded category, but the
forgetful passage to finite analytic data erases that difference. For a compatible physical

family &, either full-scale cofinal or fixed-stratum depth-exhaustive, define

Shin(&) = ({Potnz1, (U0 Far 59(C) Yo {1082 ar ) (J1)

where 3, is the complete finite physicalized package. This shadow forgets the coefficient

band, compositor phases, and banded associator class.

Definition J.1 (Finite-package invariant). An invariant ® is a finite-package invariant if
O(S) = O(Shaa(S))

for some map &), with no continuity or locality assumption.

Proposition J.2 (Equality of strict and twisted finite shadows). For the paired globalizations,

Shga(&™) = Sh, (6), (J2)

Proof. The objectwise packages and projective comparisons are identical by Theorem VII.2;

overlap singular values and analytic defect norms agree by Theorems G.4 and G.5. O
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Theorem J.3 (No finite-package discriminator). Fvery finite-package invariant satisfies
P(G™) = P(G™).

Hence no deterministic, statistical, or randomized rule receiving only the complete finite

analytic shadow can select exactly one of the paired branches.

Proof. Apply the same map ® to the identical inputs in (J2). A randomized rule is included
by taking ® to be probability-measure valued. O

Corollary J.4 (Covered analytic invariants). The two branches agree on all invariants built
from finite spectra, resolvents, functional calculus, ground ranks, excitation gaps, coercive
constants, Gram data, physical-channel projections, magnetic recompressions, block constants,
mized-block norms, vacuum-overlap singular values, and finite or asymptotic operations on

analytic refinement-defect norms.

Theorem J.5 (Necessary band sensitivity). Any discriminator between &% and &™ must
use information absent from Shg,, such as the center band, coefficient multiplication or
reassociator data, band-sensitive boundary conditions, or the distinction between strict and

coefficient-line higher-descent reconstruction.
Proof. This is the contrapositive of Theorem J.3. [

Warning J.6 (No conclusion of physical equivalence). The result is a limitation of finite

spectral information, not an equivalence of global vacua:

[QO]band = 07 [Ql]band 7é 0.

Accordingly, any later numerical ordering of the pair must enter through an explicitly band-
sensitive convention or additional reconstruction data, not through the finite Hamiltonian

shadow alone.
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