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Abstract

This supplement supplies a self-contained four-edge reduction, operator domains, the exact
receiving identity, the native-coupling nonfactorization proof, the local perturbation expansion, the
declared observable algebra, an explicit dressed vacuum isometry, and the Abelian control. All
statements concern a fixed finite graph with full compact-group Hilbert spaces. No representation
truncation or continuum passage is used.

S1 Four-edge Gauss reduction and normalization

Let G = SU(2) and let all Haar measures be normalized. Orient four edges from the right endpoint to
the left endpoint, with holonomies w; transforming as

w; — aub” (a,b) € G x G. (S1.1)

The kinematical edge space is L?(G*). Introduce

-1 —1 —1
T =ugu; , Y=UUy , Z=UUs , g =U3. (S1.2)

This is a global smooth bijection with inverse

(uo, w1, u2,u3) = (vy29,y29, 29, 9)- (S1.3)

Successive Haar invariance in wug, u1, us shows that the change preserves product Haar measure. The
right endpoint acts only on g, so right-invariant functions are exactly functions F(x,y, z). The left
endpoint acts by simultaneous conjugation on (x,y, z). Accordingly,

Hz = L2(G3HME Hy = [2(G?)AC, (S1.4)

These are invariant subspaces of the kinematical spaces, not an assertion that Hz = Hy ® L?(G)A1€,

Take Hermitian fundamental generators T, = 0,/2 and define

d A A
~F 8Ty ap - —j—_F 18Ty ) 1.
GEETw)| L RF(w) = i L FweT)| (51.5)

LOF(w) = —i
Then C =Y, (L%)? = Y,(R*)? and Cx; = j(j + 1)x;; in particular, Cxij2 = %Xl/Q.

Differentiate one original edge by u; — e*Tau;, holding the others fixed. On functions independent of g,
the transformations and generators are
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Edge Changed cycle variables Induced generator Dy

ug x> eTay Le

U1 T — xe_'ZST“, Y — ef‘ST“y —Ry + Ly
Uy Y ye_fST“, z > eisTay —Ry+ L%
uz  z > ze ¥la —R?

The omitted change g — €**7eg in the last row acts trivially after the right quotient. As a consistency

check,
3
> D¢ = (L4 — RS) + (Lg — Ry) + (L2 — RY), (81.6)
=0

which is the remaining diagonal Gauss generator.
The edge Hamiltonian AY; ,(Df)? therefore has form

apalF] =AY (ILLFIP + | (—Rs + Ly F|)®
+(=Ry + LY F|* + | REF %) (SL.7)
Expanding on C*°(G?) gives
Hp, =2A(C, +Cy+C,) —2A(R, - Ly + Ry - L.). (S1.8)
There are two copies of each Casimir. Fach mixed coefficient is —2A. In particular, removing the y, z

cross term for comparison does not remove either copy of AC,.

Write x = Try/, and set

Hy =2A(Cyp + Cy) — 2AR, - Ly + B(4 — x(z) — x(y)),
h. =2AC. + B(2 — x(2)),
Hy=Hy@I+I1®h,, V=-24R,-L.,
H(t) = Ho +tV. (S1.9)

The native attachment is ¢ = 1. The parameter ¢ is an interpolation device, not an additional
independently normalized native coupling. The Hamiltonian is a compact-group rotor model on the
declared graph in the Hamiltonian lattice-gauge framework [1]; no relation of A, B to a continuum
lattice-spacing trajectory is assumed.

S2 The retained old-edge ground state and its spectral test

There are two distinct extensions of the old comparison. The cycle-factor Hamiltonian is Hy ® I, while
retaining the original ug, u1, uo edge-energy terms on the four-edge carrier gives

HQ,edge =Hy®1I+ ACZ - 2ARy L. (82.1)

The corresponding potential includes only the old two plaquettes B(4 — x(z) — x(y)). The operator is
defined by its nonnegative closed edge form. In the original edge coordinates, before endpoint reduction,
it is the old three-edge operator acting on (ug,u1,u2), tensored with the identity on ug. The old
three-edge operator on L?(G?) is uniformly elliptic, with connected configuration manifold, real bounded
potential and unique strictly positive ground vector Q. Uniqueness forces invariance under both old
endpoint gauge actions, so its gauge-reduced expression is Qa(x,y) and its ground energy is Es.
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It follows on L?(G*) that Hj cqge > E2I and that its ground eigenspace before gauge reduction is
Qo @ L*(G)us- Intersecting with the full G x G gauge-invariant subspace requires the us factor to be
bi-invariant: since {1y is already invariant under both endpoint groups, this factor must be constant

almost everywhere. Hence on the physical three-cycle carrier,
ker(Hg,edge - EQ) = C(QQ ® 13), H2,edge = |QQ ® lz><92 ® 12’. (822)

Here 1, is the normalized constant function in L?(G), and Qs ® 1, is gauge invariant. In particular
H2,edge(92 X 1z) = EQ(QQ (%9 1z), since C,1, = Li1, =0.

By contrast, the h, ground vector ¢ is nonconstant for B > 0. Thus the decoupled product Vg = Qs ® ¢
satisfies the two different vacuum-test identities

(Wo, (Q2 @ I)Wo) =0,  (Wo, (] — Myeage)Wo) = 1 — [(1.,)|* > 0. (S2.3)

The second strict inequality is Cauchy—Schwarz with equality only when ¢ is constant, which its
nonconstant potential excludes. These identities prevent identifying the cycle-factor vacuum response
with the spectral response of the retained old-edge operator. In particular, the strict inequality for the
old-edge test exists already at ¢ = 0: it must not be attributed to the mixed term V. All later ¢? claims
refer to the cycle-factor test Qo ® I.

S3 Closed forms, ellipticity, and the positive vacuum

For 0 <t < 1, the kinetic form of (S1.9) is

qe[F] =24 Y  (F,CuF)—2ARe) ((RYF,LiF) + t(RIF, LIF)). (S3.1)

W=x,Y,z

Left and right frames on each group factor differ by an orthogonal adjoint rotation. Pointwise, let a, b, ¢
denote the norms of the three left-gradient vectors. Cauchy—Schwarz bounds the cross terms by ab and
be. The relevant scalar comparison matrix is

2 -1 0
My=|-1 2 —t|, spec My = {2,2 — V1 + 2,2+ V1 +t2}. (S3.2)
0 -t 2

Applying the lower and upper bounds pointwise and integrating yields

A2 = V2) Y (F,CuF) < quu[F) < A2+ v2) Y (F,CuF). (53.3)

w w

Equivalently, because the interaction graph in the three gradient variables is a chain, its two orthogonal
frame rotations can be removed successively by a block-orthogonal change of tangent frame. There is no
cycle holonomy to obstruct this symbol-level comparison.

The potential satisfies
0< B(6 - x(z) — x(y) — x(2)) < 12B. (83.4)

Thus the full form norm is equivalent to the usual H'(G?3) norm. Closing from the smooth core gives a
nonnegative closed form with domain H*(G?) and a self-adjoint Friedrichs operator. Smooth uniform
ellipticity on the compact boundaryless manifold gives operator domain H?(G?3) and compact resolvent.
The same statements apply to Hs and h, on their factors. Restrictions to diagonal invariants are
reducing restrictions of these operators.
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The forms are real elliptic diffusion forms plus a real bounded potential. Their heat semigroups are
positivity improving on connected G2. The lowest eigenfunction can consequently be chosen strictly
positive and is unique up to phase. Elliptic regularity makes it smooth. Since the gauge action commutes
with the Hamiltonian and preserves positivity, uniqueness makes the normalized positive ground state
gauge invariant. These facts justify the use of the full kinematical ground state and its physical invariant
restriction without identifying two different vacua.

The principal form stays positive in an open interval about ¢ = 0 (indeed the symbol bound is positive
for [t| < v/3). The form family is analytic with common form domain there, so the isolated simple
ground eigenvalue and eigenprojection have analytic local branches [2]. No convergence radius reaching
t = 1 is inferred from the Taylor expansion. Native-coupling statements below use a separate argument.

S4 The receiving operator and its exact domain

Let
HyQo = B2y, h.¢ =e.9, Q0[] = ol =1, (S4.1)

with both vectors smooth and positive. Define Jof = f ® ¢, P, = I ® |¢)(¢|, and Qg = I — P;. On
smooth old functions,

HoJygf = Jy(Ha +e)f. (54.2)
For every self-adjoint electric generator D = —¢ X, where X is Haar-divergence-free, a smooth real r
obeys .
(r,Dr) = —% /X(’I“Q) dp = 0. (54.3)
Hence PyV Jy = 0, and
QoHsJsf = —2AY (R3f) @ (L26). (54.4)

At interpolation value ¢, this off-diagonal block is ¢ times (S4.4).

Since ¢ is invariant under conjugation, the Hermitian covariance matrix
Moy = (L2, L6) (84.5)

commutes with the complexified adjoint representation of SU(2). That representation is irreducible, so
Schur’s lemma gives My, = mdy. Taking the trace fixes

m=£(6,C.0). (S1.6)

Consequently,

4A2
= TML C.9). (54.7)
The constant dg is strictly positive for B > 0. If it were zero, all z derivatives of ¢ would vanish on
connected G, making ¢ constant, in contradiction with its eigenvalue equation and the nonconstant
potential.

1K fIIP = dgllCy2f 1%, dy

Domain distinction. The literal product QQ4Hz3Jsf is an operator expression on the H3 domain; in
particular it is defined for f € H?(G?). Its smooth-core expression (S4.4) has a unique closure as a
first-order operator with domain

D(Ky) = D(CY/?) C K. (S4.8)
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This need not impose an = derivative. Formula (S4.7) proves closedness because its graph norm is
equivalent to that of Cyl/ ?_ Tt also shows that

KKy = dsC, (54.9)

as nonnegative operators, with the corresponding quadratic-form identity on D(C;/ 2). For vectors in
this enlarged domain one uses the closed first-order expression, not an undefined application of Hs. All
identities restrict to the diagonal-invariant subspaces.

For B > 0, ker K4 = ker Cyl/ 2, which consists of functions independent of . The old ground state cannot
have that form: if Qo = Qo(x), then the y kinetic and mixed derivatives vanish, while —Bx(y)Qa(x)
remains in its eigenvalue equation. Thus

ey = (Q2,CyQd) > 0, €, = (p,CLp) >0, (S4.10)
so for Uy = Qs ® ¢,
, 4A2
b:.= V\Ij() 7é 0, ||bH = TEyGZ. (8411)

At B = 0, in contrast, ¢ = 1 and the receiving block vanishes. The positive-response conclusions
explicitly use B > 0.

S5 Native nonfactorization and perturbative response

S4.1. Nonfactorization at the actual coupling

Suppose the positive native ground state factors as (23 = ¢ ® n. Its factors can be chosen normalized,
smooth, and strictly positive. One way to see smoothness is to define

v = ([ Qg<x,y,z>2dz)1/2; (55.1)

this is smooth and positive, and the factorization hypothesis makes n = Q3/1 independent of (z,y).
Using (S4.3), partial inner products of H3Q3 = F3Q3 give

Hyyp = (E3 — (n, h.n))y,
hzn = (E3 — (¢, Hyth) )n. (S5.2)

Each is a positive eigenfunction of its isolated Hamiltonian. A positive eigenfunction cannot be orthogonal
to the positive ground eigenfunction, so its eigenvalue is the ground eigenvalue. Simplicity then forces

=9 and 1 = ¢.
But H3Vy = (E2+e,)¥o+b, with b # 0 and (¥, b) = 0. Hence ¥y is not an eigenvector, a contradiction.
This proves nonfactorization against every product in the declared kinematical partition, not merely
against products containing a prescribed old factor.
Let Qo =1— |QQ><Q2| If

Pexc = H(QQ & I)Q3||2 (853)
were zero, (23 would lie in 29 ® K, and be a product. Thus peyxe > 0. The reduced state is mixed, and in
particular differs from the old pure vacuum.

The product trial vector has expectation Es + e,. If this equaled F3, then
|(Hs — E3)'/*Wo|* =0, (S5.4)

so it would be a ground vector. Therefore F3 < E5 + e,. This is a variational energy statement on a
fixed graph, not a lower bound on an excitation gap or an invariant mass.
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S4.2. Local expansion about the decoupled vacuum

Write E, = Es + e, Py = |¥o)(¥q|, and Qo = I — Fy. Define the reduced resolvent by
-1
R, := [(Hy — E*)|\I,é] Qo. (S5.5)

It is bounded and positive on ‘I/OL and is zero on Wy. The input b is smooth, so the first-order coefficient
is unambiguous despite V' being unbounded.

Each term of b is the tensor product of a vector orthogonal to {29 and a vector orthogonal to ¢. Hence
beQy @¢t. (S5.6)

The projection (I — P,) ® (I — |¢)(¢|) commutes with the decoupled operator Hy, and therefore with
R.. With the analytic normalized phase chosen positive near zero, perturbation theory gives

E'(0) = (¥, V) =0,
Q(t) = Uy — tR.b + O(t?),
E(t) = E, — t2(b, R.b) + O(t?). (S5.7)

The vector remainder is in Hilbert norm. Because R,b remains in the doubly orthogonal subspace,
Pexe(t) = 2| R.D||> + O(t3). (S5.8)
The coefficient is positive: b # 0 and the reduced resolvent is injective on Wg. For pa(t) = Tr.|Q(t))(Q(2)],

lim ing slp2(t) — Po|ly

m iy = > ||R.b|*> > 0. (S5.9)

The first-order partial-trace term vanishes, so the reduced-state difference is O(¢?) in trace norm. In
decoupled eigenbases, cexc is the usual boundary-coupling entanglement susceptibility [4]; for the declared
cycle tensor partition, Tr pg(t)? = 1 — 2cexct? +O(#3). This identification does not equate the kinematical
partition entropy with an operational gauge-entanglement measure. This is a small-¢ result; strictness at
native coupling was proved independently in S4.1.

S6 Two old-system comparisons, observable algebra, and vacuum
dressing

S5.1. What is being measured
Let Us(g) implement simultaneous conjugation on KCo. We declare
Aold = UQ(G)I C B(K2). (S6.1)

An old observable O € 24 is represented on the full physical space by (O ® I)|3,. This operator
preserves Hs because it commutes with the diagonal action. This declaration fixes a cycle-factor
comparison. It admits a gauge-invariant old-edge-set lift in the unquotiented old graph, but is not a
proof of exterior AQFT locality or preservation of the native old-edge Hamiltonian. For example, the
original shared edge acts as —y + L. on the enlarged graph, rather than as the old terminal derivative
—Ry; the distinction is precisely retained in the mixed Hamiltonian term.
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For any invariant full state €, its kinematical partial trace satisfies

Uz(g)p2U2(9)" = pa. (S6.2)

The reduced state need not be supported in Hs. Nontrivial old conjugation sectors can be paired with
new-cell sectors to make a diagonal singlet. Taking the trace on the kinematical factors retains these
channels rather than discarding them in advance.

The projector P, is itself a global spectral observable of the old Hamiltonian:

Py = s—lim e "(H2=F2) (S6.3)

T—00

Thus Q)2 belongs already to the von Neumann algebra generated by bounded spectral functions of Hs, a
smaller algebra sufficient for the strict witness. No identification of the entire invariant commutant with
a local generating set is needed for this witness.

Because A = py — P; is self-adjoint, trace class, trace zero, and gauge invariant, its positive spectral
projection is an invariant effect. Consequently,

1
sup [Tr[O(p2 — B2)]| = 5llo2 = Pl (56.4)
0<0<I
O€Ao1a

In particular, the effect Qs gives the lower bound by pexc. This is an algebraically gauge-invariant
distinction. It is not a claim that a spectral projection can be measured by an operator supported in
a specified spacetime exterior. The tensor-factor and regional-algebra distinction is essential in gauge
systems [3].

S5.2. A concrete dressed isometry

The positive normalized vectors Wy and {23 obey
O0<c:= <\Ifo,93> < 1. (865)

Strict positivity gives the lower inequality; the nonfactorization result gives the upper one. Put
Qg — C\I/()
s=V1l-¢c,  n=———  B=nl (56.6)

Then ¥g,n are orthonormal invariant smooth vectors. Define
W =1+ (c=1)(Po+ Fy) + s(|n)(Wol = [Wo)(n]). (S6.7)

On their span, W has matrix (¢ %); on the orthogonal complement it is the identity. It is unitary,
commutes with the diagonal gauge action, preserves the smooth and Sobolev domains, and satisfies
WWy = Q3. Therefore

Jar = Wy, JipJar =1, Jarfle = O3 (S6.8)
is an explicit gauge-equivariant vacuum-matching isometry.
Suppose an isometry J both matches that vacuum and preserves the old test under compression:

JUW=Qs,  J(Qa®I)J = Q. (S6.9)

Taking the o expectation gives pexc = 0, contradicting S4.1. Thus exact matching is incompatible
even with preserving this one specified old observable, and a fortiori with preserving the entire fixed old
algebra by compression or intertwining.



Vacuum Readjustment under Gauge-Cell Attachment Supplement v0.3.3

For the explicit construction, the transported algebra instead obeys
JLyWO I W*Jg =0 (0 € B(K2)). (S6.10)

For invariant O, both sides have the appropriate physical restrictions. This construction preserves a
transported copy of the algebra; it does not classify every possible embedding, and does not restore the
original old marginal.

Let Py = JarJj,- The matched vacuum satisfies
(I — Pyy)HsJg;Q0 = 0, (S6.11)

because it is an exact eigenvector in the receiving range. There is no assertion that (I — Py, )HsJqr
vanishes on every old vector. The construction uses the exact full vacuum and is not a source-local
map, a refinement-compatible family, or a dynamical intertwiner. It demonstrates existence of a dressed
vacuum map without importing any of those additional properties.

S7 Abelian control and the theorem boundary

For G = U(1) with angles 6,,6,,0., use N,, = —i0p, and the same four-edge change of variables. The
electric operator becomes

HE, = 2A(N2 + N} + N2) — 2A(N, N, + N,N.). (S7.1)
Take the nonnegative potential
B(3 — cos b, — cos B, — cosb,), B> 0. (S87.2)

Its amplitude convention is declared here rather than identified with an SU(2) fundamental trace. The
isolated added-cell ground state is smooth, positive, and nonconstant, and has (¢, N,¢) = 0. The same
receiving calculation gives

K3 f = —2A(N,f) ® (N2¢),  |K3f||* = 4A%(¢, N2¢)(f. N. f). (S7.3)

The old ground state has nonzero y response for the same nonconstant-potential reason. The native
nonfactorization and small-coupling arguments therefore apply to this control model as well. The
receiving mechanism is not a discriminator between Abelian and non-Abelian gauge groups.

For SU(2) one can separately define the bounded invariant multiplication observable

Dxa(z,y) = tllzy — yz| s, (S7.4)

which vanishes identically in the Abelian control. No sign or nonzero coefficient for its seam-coupling
susceptibility has been calculated here.

Established within the declared finite model. The edge normalization, positive elliptic operator
setup, receiving norm identity, strict native nonfactorization, old-vacuum spectral witness, local quadratic
excitation coefficient, and the explicit dressing/old-test incompatibility follow from the calculations
above. The graph is finite, but its rotor Hilbert spaces are not finite dimensional.
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Not supplied by these calculations. No exterior-local measurement algebra, point-localization
obstruction, source-derived dressed map, compatible refinement tower, uniform continuum estimate,
Type III reconstruction, physical associator or gerbe class, Poincare reconstruction, or Yang—Mills mass
gap is constructed. The positive numbers at one fixed graph do not constitute lower bounds uniform in
graph refinement or physical rescaling. The canonical associator of Connes fusion is not identified with
a physical obstruction. Photon-localization work is cited only as context for the need to distinguish
measurement locality from subsystem factorization [5].

Scope of review. This supplement contains mathematical derivations for a consolidated working
manuscript. Its accompanying consistency checks are internal checks, not independent peer review, a
formal proof-assistant certificate, or an exhaustive priority analysis.
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