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Scope note. This is a motivating and methodological essay. It describes the conceptual passage
from a negative rigidity result to a broader reconstruction program. It does not present the program’s
full transport architecture or claim that the motivating counterexample, by itself, proves any later
admissible-fibration theorem.
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Abstract

This essay begins from the 2026 counterexamples to Connes’ rigidity conjecture for ICC property (7')
groups. Those constructions do more than return the word false: they exhibit a mechanism by which
distinct discrete semidirect products can yield conjugate measured actions and hence isomorphic crossed-
product von Neumann algebras. The motivating turn of the present study comes after that explanation.
It asks what the passage to the bare factor forgets, which realization-specific structures remain locally
recoverable, and what is required for such recovery to survive comparison, refinement, and analytic
totalization. The essay describes that change of question, explains why negative closure should not have
the final word, and gives a restrained account of the human—-LLM division of labor. It motivates an
admissible-reconstruction program without presenting its full technical machinery.

1. The Negative Result, Precisely

Connes’ original rigidity conjecture was broad. It asserted that every countable discrete ICC property (T)
group I' is W*-superrigid: whenever A is a countable discrete group and

L(A) = L(T),

one must have A = T as groups [I, 3]. This is distinct from the later, narrower rigidity problem for
higher-rank lattices; the 2026 counterexamples address the original ICC property (T') formulation, not every
geometric refinement of it.

In August 2026, OpenAl announced a counterexample generated by an internal version of Astra, with the
arguments subsequently prepared as manuscripts and formalized in Lean certificates [2]. Independently
and concurrently, Shuoxing Zhou constructed explicit nonisomorphic countable discrete ICC property (T')
groups with isomorphic group von Neumann algebras, with substantial LLM assistance [3].

The result is a genuine mathematical break:
Iy 271, L(Ty) = L(T).

The conjecture is false as stated. But the counterexamples are not merely a one-bit answer. They also
reveal how nonrigidity can occur.

2. The Counterexample Explains a Mechanism

Both constructions exploit the same general principle [3]. Let H act by automorphisms on countable discrete
abelian groups D;. Fourier transform gives

The semidirect products can therefore have isomorphic group von Neumann algebras when the induced
actions of H on the Pontryagin dual probability spaces ﬁl are conjugate as measured actions, even though
the discrete abelian groups or their H-module structures are different. The measured action can forget
algebraic structure that the group itself retains.

This matters for the interpretation of the episode. It would be wrong to say that the LLM only declared
the conjecture false, or that the counterexample contained no explanation. The construction identifies a
concrete forgetful mechanism: passage through Fourier transform and measured conjugacy preserves enough
to identify the crossed products while discarding enough to lose the original discrete algebraic distinction.
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The turn made in the present study begins one step later. A mechanism of nonrigidity is not yet a theory
of recovery. Once a forgetful passage has been exposed, one may ask:

Which realization-specific structures remain recoverable, and what is required to transport that
recovery beyond a single local context?

That question does not repair Connes’ conjecture. It changes the object and the burden of proof.

3. From Forgetting to Marked Recovery

The group realization carries a canonical coproduct marking;:
Gr— (L(G)vAG)'—)L(G)a AG(AQ):A!]@)‘Q'

The second arrow forgets the marking. Retaining it gives a canonical, realization-grounded adjacent
enrichment; no minimality claim is intended.

The exact group-like locus recovers the canonical group unitaries:
{fueU(L(G)) : Ag(u) =u®@u} ={\; : g € G}.

Indeed, write u = 3 agAg in L?(L(G)). Comparing Fourier coefficients in Ag(u) = u ® u shows that
agap, = 0 for g # h, so at most one coefficient is nonzero. Unitarity gives modulus one, and the group-like
equation forces that coefficient to be one. Hence u = A,.

This elementary recognition result localizes a loss: the bare factor is a coarser interface than the marked
realization. It does not follow that approximate access to the marking yields a global group reconstruction.
That is where the later program begins.

Approximate group-like behavior can motivate quantitative rounding; finite multiplication packets can
motivate exact partial multiplication data; separation bounds can motivate injectivity on what is observed.
But even successful local recovery does not automatically give

local recognition = coherent transport = global effectivity.

Compatibility among packets, independence of comparison paths, survival on a total analytic carrier,
and realization by an original source are separate mathematical burdens. The present essay records this
architecture; it does not claim to prove the full sequence.

4. The Adjacent-Technique Principle

The response to failed reconstruction should not be arbitrary enrichment. Enough information can always
be attached to make recovery tautological. The useful question is which canonical, adjacent structure
restores a specified distinction without presupposing the global object one hopes to recover.

Identify what a passage forgets; recover a specified distinction in a realization-grounded setting;
then ask whether the recovery transports, composes, and totalizes.

This principle organizes the developing program. A canonical marking addresses exact recognition. Approx-
imate access points toward quantitative Fourier estimates. Comparison between local reconstructions points
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toward property (T), pointed correspondences, and intertwining. Composition of comparisons suggests
Connes fusion. Analytic continuation raises closed-relation and operator-valued-weight questions. The gap
between compatible local data and an effective total realization leads toward descent and fibration language.

These techniques are adjacent because each is selected by a missing passage, not because they form a
decorative list. The program therefore insists on several firewalls:

¢ local uniqueness is not yet a global section;

¢ a formal refinement is not yet admissible transport;

e loss of a quantitative margin is not yet a cohomological obstruction;
o finite validity is not yet analytic survival; and

e a coherent limit is not yet an effective source realization.

What must travel is not only an object but also the witness that licenses its use. This is the motivating
content of admissible reconstruction: transport is earned by preserved evidence rather than granted by
notation.

5. Why Negative Closure Should Not Have the Final Word

This episode clarifies my general unease with allowing reductio ad absurdum to become the endpoint of a
mathematical investigation. Reductio is indispensable and sometimes deeply explanatory. A well-designed
contradiction can isolate the decisive incompatibility and make a theorem feel inevitable. My objection is
not to the proof form. It is to negative closure: stopping once contradiction, impossibility, or falsity has
been established.

The bare conclusion of a reductio can be only one bit—the proposed configuration is inconsistent—even
when the proof contains a rich mechanism. A counterexample is not itself a reductio, and it is often more
informative because it exhibits the failure. Connes’ conjecture is a good example: the 2026 constructions
both refute the universal claim and explain a mechanism by which group structure disappears at the level
of the factor.

Yet even that explanation need not be the final word. It tells us how nonisomorphic semidirect products
can produce the same operator-algebraic output. It does not by itself determine which markings admit
recovery, which approximate data can be rounded, which witnesses survive refinement, or whether coherent
local objects totalize.

The progression is therefore not
an unexplained counterexample — a human explanation.
It is more accurately

counterexample with mechanism — new reconstruction questions

— transport and totalization problems.

This is why I resist contradiction having the final word. A negative result may settle truth and still leave
open the nearest constructive question:

What exactly was lost, what survives the loss, and under which certified passages can it be
recovered?
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The preference is methodological, not logical. Reductio closes a route. Explanation identifies the obstruction.
Adjacent reconstruction asks where another route begins.

6. The Human—LLM Change of Question

The 2026 OpenAl work demonstrates substantial machine mathematical agency: according to OpenAl’s
report, Astra generated the arguments, humans prepared the manuscripts with the model, and the model
produced Lean certificates [2]. The counterexample and its mechanism must therefore be credited as more
than routine automated assistance.

The narrower claim of this essay concerns the subsequent research record reviewed for it. In that record,
the interventions that changed the retained objects and proof obligations originated with the author: from
the bare factor to the marked realization; from exact recognition to quantitative finite access; from isolated
reconstruction to witnessed transport; and from stagewise validity to analytic totalization. Once these
directions were selected, human—LLM collaboration again became central in formulating, testing, correcting,
and organizing the resulting mathematics.

Stage

Mathematical change

Recorded initiating act

Original rigidity problem
Nonrigidity mechanism

Marked recovery
Admissible transport

Disproof within the stated invariant
Measured conjugacy forgets discrete
structure

Retain canonical realization data
Carry witnesses through refinement
and totalization

OpenAl/Astra result
Counterexample constructions

Author redirection
Author redirection; later collabo-
ration

This is a first-person provenance claim, not a theorem about what LLMs can never do. Another system,
prompt, or research history might redirect itself. Human researchers also become directionally closed within
inherited formulations. The point is functional and historical:

Solving the declared problem and selecting the next problem created by its solution were distinct
acts in this collaboration.

7. Claims, Limits, and the Program Ahead

Three levels should remain separate. The mathematical claims concern the counterexample mechanism and
the exact group-like recognition stated above. The historical claims concern a dated sequence of changes in
objects and proof obligations. The methodological claims concern how those changes functioned in one
human-LLM collaboration. Evidence appropriate to one level should not be substituted for another.

The present essay does not infer the model’s internal cognitive state. It does not claim that every
reconstruction failure is repaired by a marking, that the coproduct is minimal among enrichments, or that
every residual discrepancy is cohomological. It does not prove the developing admissible-fibration theory.
Its role is motivational: to explain why local recognition, witnessed comparison, transport, coherence,
totalization, and effectivity must be treated as different questions.
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The revised progression is therefore

counterexample and mechanism of nonrigidity

I

canonical marked recovery

4

witnessed transport and totalization.

The counterexample did not merely reach a boundary; it explained why one route through the boundary
fails. The contribution of the present program is to ask what mathematics begins on the other side.

Disclosure and Status

This essay reports a human—-LLM research process. LLM systems were used for mathematical exploration,
formulation, adversarial critique, structural organization, and drafting under author direction and review.
The author is responsible for the claims and presentation. This essay is not a substitute for the source papers
establishing the counterexamples or for technical papers developing the later reconstruction framework.
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